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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

o Motivations

e Modeling and analysis of local anisotropic textures
@ From Brownian motion to random anisotropic fields

@ The GAFBF model : localized H-sssi fields
@ Wavelet-based definition of the notion of orientation for random fields

e A convex approach for the super-resolution of 2-D lines

@ Principle of super-resolution
@ Modeling blurred lines and formulation of the inverse problem

@ Resolution of the optimization problem and numerical experiments

e Conclusion
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures Th FBF model = [ 5

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientat random fields

rownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont BDIIIIl\l Eslrade
1828 1905 1923 1940 1968 1995

independants
displacements

@ Gaussian distribution

@ irregular trajectories
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From Brownian motion to random anisotropic fields
The GAFBF model : localized H-sssi fields

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines o 2 - .
PP P Definition of the notion of orientation for random fields

.m Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bnlmlm Eslmde
1828 1905 1923 1940 1968 1995

independants displacements

irregular trajectories

Gaussian distribution
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From Brownian motion to random anisotropic fields
The GAFBF model : localized H-sssi fiel

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

rownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont Bonllln Eslrade
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From Browman motion to random anisotropic fields
5 elds

 Moseing s s ofocal s s RS
PP p Definition u# fh»— notion of orientation for random fields

- Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont Bnlmllu Eslmde
1828 1905 1923 1940 1968 1995

Y DX
rownian mo |n (o) — X(t,)
@ (B:): has independants
increments, By = 0 a.s. /AN

@ N S
° Bti o Btj ~ N(O’ tj — tj) \ \'ix’w o

@ (B:): has continuous : 3
sample paths a.s. [ a /.

Koy (wn)
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures e EANEEE et o eelihen) || eecell RS

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

-n Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont Bonami-Estrade
1828 1905 1923 1940 1968 1995 2003

Construction of Brownian motion

Isometry W : (L2, (f, g),2) — (G,E[XY])

o E[W(F)W(g)] = (f, g)o, W(f) ~N(0,]|f|[.)
o Vte[0,1], B W(lpy)
o E [(Br = Bs)Z] = ||1[O,t] — IL[0,s]||i2 = /]l[s,t] =t—s

°E [(Bfi = B;-1)(By — Btjfl)] = My Ly )2 =0

Wiener stochastic integral = /f(x)W(dx) ’
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From Brownian motion to random anisotropic fields
The FBF model : localized H-sssi fields

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Definition of the notion of orientation for random fields

om Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bnlmlm Estmde
1828 1905 1923 1940 1968 1995

{X(t)}teT is self-similar of
order H if YA € R

(fdd)

{X(At)}teT )‘H {X( )}tET
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines
-ownlan to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bonlml Eslm\‘le
1828 1905 1923 1940 1968 1995

{X(t)}teT is self-similar of
order H if YA € R

{X(At)}teT )‘H {X( )}tET

(fdd)
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ownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures s

A convex approach for the super-resolution of 2-D lines

n for random fields

rownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont Bonami-Estrade
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures

N N he GAFB odel : localized H-sssi fields
A convex approach for the super-resolution of 2-D lines Ulite AP et © (el 7 =g

Definition of the notion of orientation for random fields

-Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont Bmmllu Eslmde
1828 1905 1923 1940 1968 1995

E [(B(t) — BH(s))?] = |t — s]*" = indpt—increments

fractional Brownian motion B"
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures

N N he GAFB odel : localized H-sssi fields
A convex approach for the super-resolution of 2-D lines Ulite AP et © (el 7 =g

Definition of the notion of orientation for random fields

-Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont Bmmllu Eslmde
1828 1905 1923 1940 1968 1995

E [(B"(t) — BY(s))?] = |t — s|*" = stat. increments

fractional Brownian motion B" (FBM)

H=0.2 H=05 H=0.8 y
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From Browman motion to random anisotropic fields
elds

 Moseing s s ofocal s s RS
PP P Iththn uf fh»— notion of orientation for random fields

-1 Brownian to random anisotropic fields

Kolmogorov ‘Mandelbrot Kamont Bnlmlm Eslmde

Brown Einstein Wiener
1968 1995

1828 1905 1923 1940

o E[(BM(t) - BH(s))?] = |t — s|*"

| = stat. increments
o R(t,s) = Cov(BH(t), B"(s)) = 1(t?" + s — |t — s|*"")

fractional Brownian motion B" (FBM)

H=0.2 H=05 H=0.8 y
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From Brownian motion to random anisotropic fields
el

Modeling and analysis of local anisotropic textures The GAFBF mod seilece) [Hhecs

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

-n Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont Bnlmlm Eslmde
1828 1905 1923 1940 1968 1995

o E[(BM(t) — BH(s))?] = |t — s[*" = stat. increments
o R(t, s) = Cov(BH(t) BH(s)) = 3(t" + 2 — |t — s|*)
o BH(t) =1 [, |Z|J/tf+1/12 (€) = harmonizable formula

fractional Brownian motion B" (FBM)

H=0.2 H=05 H=0.8 y
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines
-wnlan to random anisotropic fields

Brown Einstein Wiener Kolmogorov ‘Mandelbrot Kamont Bonami-Estrade
1828 1905 1923 1940 1968 1995 2003

o E[(B"(x) - B"(y))’] = I|x - yI*, x,y € R?
° R(x, y) (HXIIQH:; Iy lI27 = 1lx = y[I*")
0 B(x) = & Jro S W(dE)

fractional Brownian field BH (FBF)

H=0.5 H=0.38
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures The GAFBF model - localized H-sssi fields

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

dele de Bonami-Estrade

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bnlmlm Eslmde
1828 1905 1923 1940 1968 1995

X(x)= [ (38 —1)f12(¢) W(d€)

RZ
C
PO = g D

C
PO = g D
C

L O = g (FD
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures The GAFBF model - localized H-sssi fields

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

del of Bonami-Estrade

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bnlmlm Eslmde
1828 1905 1923 1940 1968 1995

X(x) = [ (=8 = 1)) W(ag)
C
f1/2(¢) = ———— (EFBF
©) = g (5780
C
f12(¢) = —7— (FBF
C

o O = g (D
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures The GAFBF model : localized H-se olds

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

del of Bonami-Estrade

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bnlmlm Eslmde
1828 1905 1923 1940 1968 1995

X(x)= | (!9 =1)F(E) W(de)
1/2 C
F2(€) = — 751 (EFBF)
€]l
fl/z(&) = ||€C||(—53_1 (H-SSSi) (Benassi et coll., 1997)
1/2 C
FIEE) = T (FBF)

densité £(€) i .
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Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

.odel of Bonami-Estrade

AFBF model : localized H-sssi fields
I_)Pf\mtmn of the notion of orientation for random fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bnlmlm Estmde
1828 1905 1923 1940 1968 1995

X0 = [ (9~ 1)Fe) W(ag)

C
o fl/z(ﬁ) = ”€“h(§)+1 (EFBF)

C(§)

@ f1/2(€) - H—HH (H-SSSi) (Benassi et coll., 1997)
(¢
F12(¢) = —ngfgﬂ (AFBF)

densité £(€) i .
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Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures T AFBF model : localized H-sssi fields

A convex approach for the super-resolution of 2-D lines

.odel of Bonami-Estrade

I‘)ef\mtmn of the notion of orientation for random fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bnlmlm Eslmde
1828 1905 1923 1940 1968 1995

X0 = [ (9~ 1)) W(ag)

C
[+ f1/2(€) = ”€“h(€)+1 (EFBF)

c(§)

e
| 2 C(S) = ﬂ[,d_(g](argf — ('},0) (EF)

(H-SSSi) (Benassi et coll., 1997)

accroissements stationnaires |
densité £(€) i ¢
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

-of Bonami-Estrade

' 155 —0p) ~
X(X):/Rz (e 1) L ]||(2|r|%ﬁ1 o) {Wde)

The

GAFBF model :

Definition of the n o enta or random fields

Elementary field (EF) [H = 0.5, ag = 7/6]

Texture
orientation

accroissements stationnaires |

densité £(6) ‘ §=23.10"1 §=3.10"1 s
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From Brownian motion to random amsotroplc fields
The GAFBF model : |

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Definition of the

~ Ii_s5s — Qo)
X9 = [ (019 =) S W

Elementary field (EF) [H = 0.5, ag = 7/6]

Texture
orientation

accroissements stationnaires |

densité f(€) i 5= 3.10_1 § = 3.10—1 LII =

Kévin Polisano Seminar AMA group 9/37



Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

From Brownian motion to random anisotropic fields
F mod fields

n of the r ation for random fields

RZ

accroissements stationnaires |
densité f(€)

~ Ii_s5s — Qo)
(8 ) S W

Elementary field (EF) [H = 0.5, ag = 7/6]

Texture
orientation

§=23.10"1
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From Brownian motion to random anisotropic fields
el

Modeling and analysis of local anisotropic textures The GAFBF model : localized H-sss

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

.e of the art : anisotropic Gaussian fields

@ Fractional Brownian sheet (FBS) (kamont, 1995), (Léger and
Pontier, 1999), (Ayache et al., 2002)

@ H-sssi fields (Benassi et coll., 1997)

@ Model of Bonami and Estrade (Bonami and Estrade, 2003)

@ Operator scaling Gaussian random fields (OSGRF)
(Schertzer and Lovejoy, 1985), (Biermé et. al, 2007)

@ Model of Xue, Xiao, Li (Xue and Xiao, 2011), (Li and Xiao, 2011)

° -
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From Brownian motion to random anisotropic fields
el

Modeling and analysis of local anisotropic textures The GAFBF model : localized H-sss

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

.e of the art : anisotropic Gaussian fields

@ Fractional Brownian sheet (FBS) (Kamont, 1995), (Léger and
Pontier, 1999), (Ayache et al., 2002)

H-sssi fields (Benassi et coll., 1997)

Model of Bonami and Estrade (Bonami and Estrade, 2003)

Operator scaling Gaussian random fields (OSGRF)
(Schertzer and Lovejoy, 1985), (Biermé et. al, 2007)

Model of Xue, Xiao, Li (Xue and Xiao, 2011), (Li and Xiao, 2011)

= no class of fields with controlled local anisotropy

v
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures The GAFBF mod I

A convex approach for the super-resolution of 2-D lines

Definition of the notion orientation for random fields

-e of the art : anisotropic Gaussian fields

@ Fractional Brownian sheet (FBS) (Kamont, 1995), (Léger and
Pontier, 1999), (Ayache et al., 2002)

H-sssi fields (Benassi et coll., 1997)
Model of Bonami and Estrade (Bonami and Estrade, 2003)
Operator scaling Gaussian random fields (OSGRF)

(Schertzer and Lovejoy, 1985), (Biermé et. al, 2007)

Model of Xue, Xiao, Li (Xue and Xiao, 2011), (Li and Xiao, 2011)

= no class of fields with controlled local anisotropy

= contribution : two new classes of this type
the (GAFBF) and the (WAFBF)
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From Brownian motion to random z

The GAFBF model : localized H-ss:

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

X0 = [ (9~ 1)re) W(ag)

If X is H-self-similar, that is X(Ax) = A" X(x), one has:

F1/2 :ﬂ
)= g

[ C(&) =154 (arg& — ao) ]

with homogeneous anisotropic function E — C(é)
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Modeling and analysis of local anisotropic textures From Brownian motion to random anisotropic fields
g 4 otrop - The GAFBF model : localized H-sssi fields
A convex approach for the super-resolution of 2-D lines e e aa s _
Definition of the notion of orientation for random fields

.del with prescribed orientations and regularities

New model: a localized and multifractional version of H-sssi fields

X0 = [ (o179 = 1) P, W)

ceeeemmmeees GAFBF Locooo...

- C(x.8) |
N F2(x,6) = —o7 '
v ) h(x)+1 :
| )" .
T LAFBF .......... .
/oL GO =g —al)

accroissements stationnaires | acer. non stationnaires

|
densité f(€) i densité f(,€) L
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Modeli d lysis of local anisotropic text R .o
A convgx ea:anpgr: anch afgf Z hSIes 5?1 peo :?esilrtljst‘i)o ;OELCZ—TDX Illjr: ::
-th prescribed local orientation

H — ey 1\ Lss(arg€ — a(x))
B0 = [ (9 1) ——

localized elementary field (LAFBF) [H =08, a(x,x) = /2 + x]

! Texture
orientation

Ca5(X0, arg £)
f12(x0,6) = Enfiiiﬂﬂ

b Cas(x0,arg§)
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From Brownian motion to random ar

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Tl @AFETF medtl ¢ el (ke fitlils

Definition of the notion of orientation for random fields

-tangent field: a tool for analysis and synthesis

© A tool for analysis (Lévy-Vehel, 1995), (Falconer, 2002) :

im X(xo + px) — X(xo)
p—0 ph(XO)

b0

Roughly speaking Y, is the “local form” of X at point xp.
© A tool for synthesis (Lévy-Véhel, 1995), (Benassi, 1997) :

X(x0) < Yx(x = xo)

= If Y is “localizable”, all local anisotropy characteristics are
defined and herited from its tangent field.

v

L1 G

Kévin Polisano Seminar AMA group 13/37



From Brownian motion to random anisotropic fields

The GAFBF model : localized H-sssi fields

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

IAssumptions of the GAFBF

Assumptions (H)
@ his f—Holder, such that a = inf h(x) >0,

b—sup h(x)and b< <1
xER2
o (x,&)— C(x,&) is bounded C(x,&) < M,V(x,&).
0 &£~ C(x,&) iseven C(x,—&) = C(x,§).
@ &£ — C(x,&) homogeneous C(x, p€) = C(x,&),Vp.
@ x — C(x,&) is continuous and I, f <n <1, Vx

- HzH_z”/ [C(x + 2,0) — C(x, O)PdO < Ay < 00
2€B(0,1) st

|
L

G
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures The GAFBF model : localized H-sssi fields

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

Tangent field of the GAFBF

Let X be the GAFBF defined by

jix, C(ng) Ty

Theorem (Polisano et coll., 2017)

If X satisfies the assumptions (#), then X admits in every
point xg € R? a tangent field Y, given by:

V() = [ (59~ D0, W(AE)
= [ (@0 - 1) 08 ae).

RQ

[F{k2a

_Ad

G
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures The GAFBF model : localized H-sssi fields

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

Tangent field of the GAFBF

Let X be the GAFBF defined by

jix, C(ng) Ty

Theorem (Polisano et coll., 2017)

If X satisfies the assumptions (#), then X admits in every
point xg € R? a tangent field Y, given by:

Yio(X) = /R 2(ej<x’£> — 1)fY(xg, £)W(dE)

. C, —
H-sssi field = / (eJ<"’5>—1)—”€H,‘7’((j))HW(d§).
R2

_Ad

G
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From Brownian motion to random anisotropic fields

The GAFBF model : localized H-sssi fields

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

ion of the LAFBF

Definition of the notion of orientation for random fields

1 OL0

h linear h radial h sinusoidal

L1 G
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Modeling and analysis of local anisotropic textures The GAFBF model : localized H-sssi fields
A convex approach for the super-resolution of 2-D lines

@ Linear variation of the orientations a(x) along (Ox)
@ Linear variation of the directionality J(x) along (Ox)
@ Linear variation of the regularity h(x) along (Ox)
|

Lie
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From Brownian moti otropic fields

Modeling and analysis of local anisotropic textures o 5 ol
. . The GAFBF model
A convex approach for the super-resolution of 2-D lines Defin

elds

n of the not or random fields

-)rientation of a deterministic function

Gradient operator

The gradient operator V : f — (0., f, O, 1), with the notation
O f 1 x = (x1,%) — g—x’;(x), is defined in Fourier domain by:

~

Oy f(w) = —jurf(w), Ouf(w) = —jwrf(w)

= Orientation : o
n(x) = )

IVEX)]

v
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T} G \FFF model : localize H‘
Definition of the notion of orientation for random fields

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

-rientation of a deterministic function

Riesz transform and monogenic signal (Felsberg, 2001)

The Riesz operator R : f — (R1f, Raf) is defined by:

Raf(w) = ), Raf(e) = —igfe)
= Orientation :
n(x) = Rf(x)
TREGN

v
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From Brownian motion to random anisotropic fields
The GAFBF model : localized H-sssi fields

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

I Orientation of a H-sssi field

Monogenic wavelet coefficients of a H-sssi field X

co(X) = (X, Rethia) = oo Retii€)C(E) €17 W(dg)

Theorem (Polisano et al., 2017)
Let us define ¢ (X) = (c{(X), (X)), then:
E[C(R)( X) ’.(,7:)()()*] - 2—2i(H+1)JX :

where Jx is called the tensor structure of X defined by :

Ixlee = 0,0, C(©)°dO, (1,0, € {1,2}.
®cSt

v
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures The GAFBF model - localized H-sssi fields

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

I Orientation of a H-sssi field

Definition (Orientation and coherence index of a H-sssi field)

@ The orientation fix of X is given by the unit eigenvector
associated to the largest of the eigenvalues A;, A\, of Jx

@ The coherence index of X is defined by

_ [Pe— A
A1+ A

|
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines Definition of the notion of orientation for random fields
-ons of an elementary field

Exemple (Orientation of an EF)

X = X0 with C(©) = 1;_55(arg ® — )

m — (coso _sin(20)
X~ \sinag )’ ST

Texture Texture Texture

orientation orientation | orientation |

5N
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From Brownian motion to random anisotropic fields

Modeling and analysis of local anisotropic textures The GAFBF model - localized H-sssi fields

A convex approach for the super-resolution of 2-D lines

Definition of the notion of orientation for random fields

I Orientation of a localizable Gaussian field

Localizable Gaussian field

A random field X = {X(x), x € R?} is said to be localizable,
if it admits a tangent field at every point x € R2.
References : (Lévy-Véhel, 1995), (Benassi et coll., 1997), (Falconer, 2002).

Definition (Local orientation of a localizable Gaussian field)

The local orientation fix(xg) of the localizable Gaussian field
X at point xp is the orientation of its tangent field Y, H-sssi :

ﬁx(Xo) = I_fyxo

|
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Kévin Polisano Seminar AMA group 20/37



From B ia and a opic fields

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Uiz

Definition of the notion of orientation for random fields

-ation of a localizable Gaussian field

Local orientation of the LAFBF X

The local orientation rix(xy) and the coherence index x(xg) of
X at xp are those of the elementary field X, (x,)s(x) :

COS x| Xp sin(26 X0

ﬁx(Xo) = ﬁxa

| Texture
orientation

” o s £
T2(x0,€) = ”ﬁ’gﬁ%g)

.0 (X0, arg &)

L1 G
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Principle «

Modeling and analysis of local anisotropic textures Modelin urred lir
A convex approach for the super-resolution of 2-D lines - PO S TN N,
imization and numerical experiments

Convex m

o Motivations

e Modeling and analysis of local anisotropic textures
@ From Brownian motion to random anisotropic fields

@ The GAFBF model : localized H-sssi fields
@ Wavelet-based definition of the notion of orientation for random fields

e A convex approach for the super-resolution of 2-D lines

@ Principle of super-resolution
@ Modeling blurred lines and formulation of the inverse problem

@ Resolution of the optimization problem and numerical experiments

e Conclusion

AMA group
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

and Rayleigh limit

5(t—1) optical system h(t =)
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Principle of super-resolution

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

lution of 1-D impulses

5(t—7) optical system h(t =)

K
XZZCifst,-, ¢>0, >0
i—1
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
—

5(t—7) optical system h(t =)

K
y(t)=> ch(t—t), >0, >0
i=1

X
.
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A convex approach for the super-resolution of 2-D lines

a on a grid

y=y(r), 7« =kA/N A
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Principle of super-resolution

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

a on a grid

y =y(r%), 7x=kA/N A
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
-us reconstruction on the grid

y

— Ac Alle
rgﬁg ||y 15+ Xlcllg A >

X

L1 G
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
-us convex reconstruction on the grid

y

rg;;K—lly Acll; + Alel, A >

X

v
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
-ous convex reconstruction on the grid

y

min > ||y Acl; + Allcl,

cERK 2 .
e .
ll[l2 I+
X
|
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
-Iutlon of 1-D impulses on a grid

y

1 )
Sy - A A
min = lly = Acllz + Allell,

A
y:y(Tk), TkaA/N—))?k A‘A
1 2

X
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Principle of super-resolution

Modeling and analysis of local anisotropic textures lines and the inverse problem

A convex approach for the super-resolution of 2-D lines D A L,
zation and numerical experiments

-esolution of 1-D impulses off-the-grid

X:ZCi5r,, ¢ >0, t>0

Minimization (convex regularization)

1
argmin > [ly — Apl + Xy
o

Reference : (Candes, Fernandez-Granda, 2012)

A, AL m

llloy = S (Ixllpy = lelly .
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Kévin Polisano Seminar AMA group 23/37




Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
-solutlon of 1-D impulses off-the-grid

o1
arg min 2 ly — AXH2 + A ”X”TV

Reference : (Tang, Bhaskar, Recht et al., 2013)

X
v
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Principle of super-resolution

Modeling and analysis of local anisotropic textures

. " Modeling blurre es and the inverse problen
A convex approach for the super-resolution of 2-D lines feritdagg Wi llines eiel die s pidbli

Convex minimization and numerical experiments

-resolution of 1-D impulses off-the-grid

K
x=> ca(f), >0, a(f)ecA y
i=1

A={a(f)eC"}, la(f)], =l W%%

||x||A=inf{an:x:ana} AA

acA acA

Minimization (convex regularization)

.1 2
arg min - [ly — Ax| + A
X
Reference : (Tang, Bhaskar, Recht et coll., 2013) X

G
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines

I Toward a 2-D super-resolution

K< [>[4] [l +]
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I Toward a 2-D super-resolution
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
-t I Toward a 2-D super-resolution

K< [>[54] [l +]
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
- :

= subsampling
@ A = blurring
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines
- :

Example (Operator)

@ A = subsampling
@ A = blurring

X 1 2
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A convex approach for the super-resolution of 2-D lines
- :

= subsampling
@ A = blurring
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A convex approach for the super-resolution of 2-D lines

oblem

= subsampling
@ A = blurring
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A convex approach for the super-resolution of 2-D lines

oblem

= subsampling
@ A = blurring
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Principle of super-resolution

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

-problem

Minimization (data fidelity term)

lines and the inverse problem
zation and numerical experiments

This is an ill-posed problem :

1
argmin - ||y — Ax|®
X 2

Example (Operator)

@ A = subsampling
@ A = blurring

v

L1 G
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Principle of super-resolution

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Modeling blurr 5 | the inver
Con minimization and numerical

Minimization (convex regularization)

1
arg min 5 ly — Ax||*> +| AR(x)

Exemple (Regularizer)

o R(x) = [[Vx|[> (Tikhonov, 1963)
@ R(x) = [|Vx||; (Rudinetal, 1992)

o R(X) = ||XH.A (Chandrasekaran, 2010)

v
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Modeling and analysis of local anisotropic textures Pliieifite off superesaliit
A convex approach for the super-resolution of 2-D lines

Minimization (convex regularization)

1
arg min 5 ly — Ax||*> +| AR(x)

y=Ax

Exemple (Regularizer)

o R(x) = [[Vx|[> (Tiknonov, 1963)

@ R(x) = [|Vx||; (Rudinetal, 1992)

o R(X) = ||XHA (Chandrasekaran, 2010)

llll2
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Principle of super-resolution

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Modeling blurr 5 | the inver
Con minimization and numerical

Minimization (convex regularization)

1
arg min 5 ly — Ax||*> +| AR(x)

Exemple (Regularizer)

o R(x) = |[Vx|[> (Tiknonov, 1963)
@ R(x) =[|Vx||; (Rudin et coll, 1992)

o R(X) = ||XHA (Chandrasekaran, 2010)

X .
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Kévin Polisano Seminar AMA group 27/37



Principle of super-resolution
Modeling blurre and the in

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

and numeric

Minimization (convex regularization)

1
arg min 5 ly — Ax||* + | AR(x)

Exemple (Regularizer)

° R(x) = [ Vx|;
o R(x) = Vx|,
@ R(x) = ||x]| , parcimonious
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Principle of super-resolution

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

-problem

Modeling blurred lines and the inverse problem

< minimization and numerical experiments

Minimization (convex regularization)

1
arg min 5 ly — Ax||* + | AR(x)

Exemple (Regularizer)

° R(x) = [ Vx|;
o R(x) = Vx|,
@ R(x) = ||x]| , parcimonious

L — .
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Principle of super-resolution

Modeling and analysis of local anisotropic textures 5 n o
'ng ys! ! plc Loty Modeling blurred lines and the inverse problem

A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

Modeling the perfect lines

K

XI:1 : (tl, tz) ceP— ZOék5(COS Qk(tl — ?7k) + sin 6, t2)
k=1

bﬂ[”la o] = (Xji * @)(n, m),  ¢(n1, n2) = g[m]h[n:]

n2

Yty
xE % ¢ b* s
Kévin Polisano Seminar AMA group 28/37




Principle of super-resolution
Modeling blurred lines and the inverse problem

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

eling the blurred lines

tan 0

K
%[m, ] = (Fix*)[m, na] = Z ckeJ27r< b kg )m
k=1

b*[m, ] = (g[m]&[m,]) * h — A%* = b

= + as + as

+ a2

Kévin Polisano Seminar AMA group




Principle of super-resolution

Modeling and analysis of local anisotropic textures 5 n o
'ng ys! ! pic_textu Modeling blurred lines and the inverse problem

A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

Reconstruction steps

zt b? + masque

v
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A convex approach for the super-resolution of 2-D lines
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Convex minimization and numerical experiments
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Principle of super-resolution
Modeling blurred lines and the inverse problem

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

PRONY
al b? + masque
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines Convex minimization and numerical experiments
-ecom position of the columns

K i tan 0 Nk
%m, ng] = 3 e (W)

k=1

K
I, =% m] =Y ca(f0), [a(f.¢)]; = el e A
k=1

v
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines Convex minimization and numerical experiments
IR rsiion of the rov

K
% [m, no] = Z Ckejzw(tawkm)"2+2w%m
k=1

K
= %lm ] =Y qali o), [alf, o)) = e & 4
k=1

v
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Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Wlerd

Convex minimization and numerical experiments

-decomposition of the columns and rows

the inverse problem

tan 0 Nk
W ety jm

K .
% [m, ny] = Z ckeﬂ”(
k=1

Q! = Zszl cka(fay.k, 0) (columns of X, without phase)
Q1 = Zszl cxka(fo iy dm i)' (rows of X, with phase)

v
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) ! : ' Principle of super-resolutio
Modeling and analysis of local anisotropic textures rinciple of super S

A convex approach for the super-resolution of 2-D lines

Modeling blurred s and the inverse problem
Convex minimization and numerical experiments

.tomic decomposition of one line (K = 1)

Xﬁ[m n2] _ CleJ27r(tan91n+n1)

Q /! = ca(f,,1,0) (one atom without phase)
Q i, =ca(f,i,¢m1)" (one atom with phase)

!

a(fim,1;Pm,1) .
L1 e

Kévin Polisano Seminar AMA group 31/37




. . . . B
Modeling and analysis of local anisotropic textures s

A convex approach for the super-resolution of 2-D lines

Ok

K .27T(tan
% [m, ny] = Z cre’ W
k=1

and the inverse problem

Convex minimization and numerical experiments

Mk K
k=1
Q= Zszl cka(foy.k, 0) (columns of X, without phase)
Q1 = Zszl cxa(fo i, dmi) (rows of X, with phase)

Atomic norm :

|zlla= )inf 3> ci:z=> calf, o)

/ ! /
ChooTi @l

v
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ition

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

-: norms characterization

o Igz = Zszl Cka(fnz,/ﬂ 0)
— TM+1(I22) = 0 + of rank K (Carathéodory, 1907)
= |1, lla = Yiy o = %[0, o]

nd the inverse problem

d numerical experiments

K
Q tfn = Zk:l Cka(fm.k; ¢m7k)T (Tang et al., 2013)

: 1 1 Tv(g) t
lla= “Te(T e (N m
||tm||A - qe(linftelR { 2Tr( N(q)) 2t : ( tﬁn* " =0

v
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. . . . Princi of super-resolution
Modeling and analysis of local anisotropic textures - [ N I, - e
. . Modeling blurred lines and the inverse problem
A convex approach for the super-resolution of 2-D lines Ao N "
Convex minimization and numerical experiments

- norms characterization

o I’j'j'2 = ZkK=1 Cka(fnz,k) 0)
— TM+1(I,§2) %= 0 + of rank K (Carathéodory, 1907)

2] tfn - ZkK:]_ Cka(fm_k, ¢m7k)T (Polisano et al., 2016)
f
1,4 = min {qo : (TN(") tm) - o} = SDP(t!) ,

qgeCN trtin>k do
T (th.q)
> [1£, |4 = SDP(t) = ml0] < ¢

v

G
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Principle of super-resolution

Modeling and analysis of local anisotropic textures

N " Modeli e e the inverse problen
A convex approach for the super-resolution of 2-D lines Wlardtd 1t iy el e el preilin

Convex minimization and numerical experiments

-: norms characterization

ta Gk

nk) K
m+-5 m *
v RS E Ck

k=1

% [m, ny] = Z Ci o2

Q I =35, cka(fy,x,0) (columns of &, without phase)
Q@ =0 cal(fn i, dmi)T (rows de &, with phase)

c* = %*[0, n,] and T,\,,Jrl(llj ) =0
Q |, [la =SDP(t,) = qm[0] < c*, Ti (1), Gm) =

v
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Principle of super-resolution

Modeling and analysis of local anisotropic textures

N " Modeling blurred lines and the inverse problem
A convex approach for the super-resolution of 2-D lines - F

Convex minimization and numerical experiments

Convex optimization problem

Proposition (Convex minimization)

X € argmin —||Ax — 92,
,leXQ

(Vn, =0,....Hs—1, Vm=1, ..M,
%[0, np] = %[0,0] < ¢
under constraints < q[m,0] < ¢,
s (X[m, 2], q[m,]) = 0
( Twa (X[, m2]) = 0

|
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Principle of super-resolution

Modeling and analysis of local anisotropic textures

N " Modeling blurred lines and the inverse problem
A convex approach for the super-resolution of 2-D lines - F

Convex minimization and numerical experiments

Convex optimization problem

Proposition (Convex minimization)

X € argmin —||Ax — 92,
,leXQ

(Vn, =0,....Hs—1, Vm=1, ..M,
%[0, np] = %[0,0] < ¢
under constraints < q[m,0] < ¢,
Hs(X[m, ], q[m,:]) 3= 0
( Twa (X[, m2]) = 0

(Chambolle et Pock, 2010)

X = argmin { F(X) + G(X) + Z H;(L;(X
XeH i—0 v
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Principle of super-resolution

Modeling and analysis of local anisotropic textures

N " Modeling blurred lines and the inverse problem
A convex approach for the super-resolution of 2-D lines - F

Convex minimization and numerical experiments

Convex optimization problem

Proposition (Convex minimization)

X € argmin —HAx — 9|17,
,leXQ

(Vn, =0,....Hs—1, Vm=1, ..M,
%[0, np] = %[0,0] < ¢
under constraints < q[m,0] < ¢,
Hs(X[m, ], q[m,:]) 3= 0
( Twa (X[, m2]) = 0

(Chambolle et Pock, 2010)

X = argmin{ F(X) + G(X) + Z H;(L;(X
XeH i—0 v
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Principle of super-resolution

Modeling and analysis of local anisotropic textures

N " Modeling blurred lines and the inverse problem
A convex approach for the super-resolution of 2-D lines - F

Convex minimization and numerical experiments

Convex optimization problem

Proposition (Convex minimization)

X € argmin —HAx — 9|17,
,leXQ

(Vn, =0,....Hs—1, Vm=1, ..M,
%[0, n] = [0,0] < ¢
under constraints < q[m,0] < ¢,
Hs(X[m, ], q[m,:]) 3= 0
( Twa (X[, m2]) = 0

(Chambolle et Pock, 2010)

X = argmin{ F(X) + G(X) + Z H;(L;(X
XeH i—0 v
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Principle of super-resolution
Modeling blurred lines and the inverse problem

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

Convex optimization problem

Proposition (Convex minimization)

X € argmin —HAx — 92,
qEXxQ

(Vn, =0,....Hs—1, Vm=1, ..M,
%[0, np] = %[0,0] < ¢
under constraints < q[m,0] < ¢,
Hs(X[m, ], q[m,:]) 3= 0
 Twa (X[, m2]) = 0

(Chambolle and Pock, 2010)

X = argmin{ F(X) + G(X) + Z H;(L;(X
XeH i—0 .
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Principle of super olution
Modeling blurred lines and the inverse problem

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Ao N "
Convex minimization and numerical experiments

bf + masque

v
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Principle of super-resolution

Modeling and analysis of local anisotropic textures 1 5 -
Modeling blurred lines and the inverse problem

A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

PRONY
al b? + masque

v

L1 G

Kévin Polisano Seminar AMA group 33/37



Principle of super-resolution

Modeling and analysis of local anisotropic textures 5 o .
. Modeling blurred lines and the inverse problem

A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

Numerical experiments

@ Denoising and deconvolution

Exp. 1 Détection

|
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Principle of super-resolution
Modeling blurred lines and the inverse problem

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Ao N "
Convex minimization and numerical experiments

umerical experiments

@ Denoising and deconvolution

Exp. 1

Détection
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Principle of super-resolution
Modeling blurred lines and the inverse problem

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Ao N "
Convex minimization and numerical experiments

umerical experiments

@ Denoising and deconvolution

Exp. 1

Exp 3. Détection

v
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Numerical experiments

Principle of super-resolution
Modeling blurred lines and the inverse problem

Convex minimization and numerical experiments

@ Denoising and deconvolution

Exp. 1

Exp.

Exp 3.

Détection

Table: Relative errors of the line parameters estimation

Expérience 1

Expérience 2

Expérience 3

D)0

(107,3.1078,7.10°7)

(1072,6.1072,9.1072)

(6.1077,9.107°,8.107°)

A,/ a

(1077,1077,1077)

(1072,9.1072,2.1071)

(4.107%,2.107%,2.107)

A,

(4.1076,7.1075,7.10°°)

(5.1072,4.1072,3.102)

(5.107°,1074,3.107%)

|
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Principle of super-resolution
Modeling blurred lines and the inverse problem

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines C Ao N "
onvex minimization and numerical experiments

I Numerical experiments

image000

Theoritical Empirical
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Principle of super-resolution
Modeling blurred lines and the inverse problem
Convex minimization and numerical experiments

Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

Numerical experiments

@ Closed lines

Noisy Noisy Ground truth Detection
@ Multiple lines

Noisy Ground trutht  Detection .
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Principle of super-resolution

Modeling and analysis of local anisotropic textures 5 n -
° . F Modeling blurred lines and the inverse problem

A convex approach for the super-resolution of 2-D lines

Convex minimization and numerical experiments

Numerical experiments

@ Spatial inpainting

AVANAN

Masking iter = 2000  iter = 10000 iter — 0o
@ Inpainting in Fourier

NV
Masquage iter = 2000  iter = 10000 iter = oo g
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Principle of super-resolution

Modeling and analysis of local anisotropic textures

A convex approach for the super-resolution of 2-D lines Mtoctalirg lfluriees lles el e iverse el

Convex minimization and numerical experiments

Numerical experiments

@ Inpainting with big mask

NS A\
mn

Masquage Inpainting Masquage Inpainting
@ Inpainting with random mask

Masquage Inpainting Masquage Inpainting e
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

o Motivations

e Modeling and analysis of local anisotropic textures
@ From Brownian motion to random anisotropic fields

@ The GAFBF model : localized H-sssi fields
@ Wavelet-based definition of the notion of orientation for random fields

e A convex approach for the super-resolution of 2-D lines

@ Principle of super-resolution
@ Modeling blurred lines and formulation of the inverse problem

@ Resolution of the optimization problem and numerical experiments

e Conclusion

AMA group
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Modeling and analysis of local anisotropic textures
A convex approach for the super-resolution of 2-D lines

I Take home message

@ Two new models of anisotropic Gaussian fields producing
textures with prescribed local orientation and regularity

Efficient methods for the simulation of these models

A local orientation notion for a large class of random fields

Characterization of the statistic estimators for the
orientation and directionality parameters

New method for the super-resolution of 2-D lines

Penalize in both directions can lead to the exact solution

Toward the super-resolution of 2-D curves ?

|
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- tangent field: a tool for analysis and synthesis

@ A tool for analysis (Lévy-Vehel, 1995), (Falconer, 2002) :
. X(x0 + px) — X(x0) d
{ lim = { Y (%)} xere
x€R2

p—0 ph(XO)
© A tool for synthesis (Lévy-Véhel, 1995), (Benassi, 1997) :

X(x0) < Yy (x = Xx0)

Multifractional Brownian field B" (MBF) (Peltier, Vehel, 1995)

@ Analysis : the MBF behaves locally as a FBF
B"(xo + px) — B"(xp)

i d h(xo)
{/I’I_% phtx) }xeR2 {B (x)}x€R2

@ Synthesis : B(x) < B"*)(x = xg)

G
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-gent field: a tool for analysis and synthesis

© A tool for analysis (Lévy-Vehel, 1995), (Falconer, 2002) :
. X(xo + px) — X(xo) d
{im L Vel
xeR

p—0 ph(xo)
@ A tool for synthesis (Lévy-Véhel, 1995), (Benassi, 1997) :

X(x0) < Yy (x = x0)

FBF BH, H = h(x)) MBF B"(x) FBF BH, H = h(x)
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-gent field: a tool for analysis and synthesis

© A tool for analysis (Lévy-Vehel, 1995), (Falconer, 2002) :
. X(x0 + px) — X(x0) d
{im L V)b
xeR

p—0 phlxo)
© A tool for synthesis (Lévy-Véhel, 1995), (Benassi, 1997) :

X(x0) < Yx(x = xo)

BY, H = h(x:) MBM Bh() BY, H = h(x)

v

G
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_e GAFBF by its tangent fields

Cxo(s) Yl
WW(dE)

X(x0) < Y(x = x0) = /R (@9 -1)

= requires to simulate as many tangent fields there are pixels
in the image !

Ye GAFBF X Y,

G
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-sis of a H-sssi by turning bands

(Matheron, 1973)
(Biermé, Richard, Moisan, 2015)

B (x,01)

G
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-of GAFBEF inspired from (Wood, 1994)

® Simulate U GAFBF X" with constant regularities
(Hu)lgugu :
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-AFBF inspired from (Wood, 1994)

® Simulate the GAFBF with variable regularity by krigeage :

Spatial interpolation of the (X*") from the covariance

GAFBF XM GAFBF XHv GAFBF X

|
L1 G
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-sis of H-sssi fields by turning bands

Yl (x Zw, (x0)B ((x, ©))) ,

= Simulate n FBM B! of complexity O(¢log ()

(Wood et coll., 1994)
(Perrin et coll., 2002)

B (x,0:))

G
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-n of the LAFBF with H constant

B 5(x0) + Yil(x = xo) = Zw X0, ©;)) ,

wi(x0)? oc G (1) = 1 ()()1( arg ®; — a(xo))




-ion of the LAFBF with H constant

15(%0) = Yil(x = x0) = Zw 0, ©1)) ,
@ Pre-computing of the n B/’ (complexity O(¢log())
@ The rest of the algorithm is of complexity O(log n#pixels)




- the LAFBF with H constant

Bl « Yl(x Zw,(xo )B! ((x0, ©1)) ,

wi(%0)* < C(©;) = ]1[—5(xo),a(xo)](arg 0; — a(x))

Co(©1) Cx, (©) régularisée

|
L1 G
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-.||ati0n of the LAFBF with h variable (krigeage)

Z(so) = > ANZ(s)=A"Z (BLUE)
iEV(S())

Z =B, (B)i<ucu — Z(s1), Ty = Cov(Z(si), Z(s))) = A

T --s {\ Texture orientée de rugosité H, 1

8o = (K1, ko, h(k1, k2))

P m Texture orientée de rugosité H,,
H, /
8i = (ki ko — 1, Hy)
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-al orientation of a deterministic function

Gradient operator

The gradient operator V : f +— (0, f, 0y, 1), with the notation
O f 1 x = (x1,%) — g—)fl(x), is defined in Fourier domain by:

—

O f(w) = —jwrf(w), Ouf(w) = —jwsf(w)

T RGN O F(x)
= Orientation : n(x) = VT 0(x) = arctan <8X1f(X)>

= (More robust) minimize the directions against Vf :

max /R2 w(x—x") (n(#), VF(x'))*dx' = max n(0)T3Y (x)n(0)

(e = [ W), ()0 F() X' pra e {1.2)

G
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-al orientation of a deterministic function

Riesz transform and monogenic signal (Felsberg, 2001)
The Riesz operator R : f — (R1f, Rof) is defined by:

Rif(w) = —jr (W), Rof(w) = —jif(w)

o ]
. N ’R,f( ) B Rof(x)
= Orientation : n(x) = ||’R,f( 1K 0(x) = arctan (m)

= (More robust) minimize the directions against Rf :

max /R wlx—x) (n(#), RE()) dx' = max n(6')T 3¢ (x)n(0)

0/

Y (x)]g = /R WxX VR F()Ref (X)X, p,q € {1,2)

G
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.al orientation of a deterministic function

Monogenic wavelet coefficients (Unser, Olhede, 2009)
Let ¢ k(x) = 2"1)(2'x — k) be a wavelet frame constructed

from a real isotropic wavelet 1)(£) = (||€]|). We consider the
wavelet coefficients of Rf in the frame {1 x} :

() = cto(f) _ (<R1f7¢i,k>) _ ((fu R1¢i,k>>
i c@(r)) = \(Rof,wiud) = \(F, Rathin)
Tensor structure of the wavelet coefficients :

My Wy O
. G ¢ (f)-cl(f
K] = (D) (F) = ( <1)| 'y )(L) ’k((z) ’kz( )>
k(F) () [y (f)l
|

G
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~ The WAFBF : warped H-sssi fields

Definition (WAFBF)

Let X be a H-sssi field and @ : R? — R? be a continuously
differentiable function. The Warped Anisotropic Fractional
Brownian Field (WAFBF) Z x is defined as the deformation
of the elementary field X by the application ®:

Zo x(x) = X(®(x)) .

References about deformations of stationary random fields:
@ (Perrin and Senoussi, 1999, 2000)
@ (Guyon and Perrin, 2000)
o

G
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The WAFBF : warped H-sssi fields

Definition (WAFBF)

Let X be a H-sssi field and @ : R? — R? be a continuously
differentiable function. The WAFBF Zg x is defined as the
deformation of the elementary field X by the application ®:

Zo x(x) = X(®(x)) .

Theorem (Tangent field of the WAFBF)
Zo x admits at every point xg € R? the tangent field:

Yio(X) = X(D®(xg) x), Vx €R?,

where D®(xg) is the jacobian matrix of ® at point X. y

4
L1 G
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-ith prescribed local orientations

C(§) = 1s4)(arg€) WAFBF (a,b) = (2,~1)

d,

a(xi,x2) = ax1 + bxa + ¢

¢a(X1aX2) =

exp(axa — bx1) (asin(ax; + bxy + ¢) — bcos(axy + bxp + ¢)
a2 + p2 acos(axy + bxo + ¢) + bsin(axi + bxa + ¢)
D®(x)T(1,0)

IDO(x)T(L,0)] (cos a(x), sin av(x))

ﬁz(x) =
14

G
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-entary field

C(§) = 1_s4)(arg &)
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-nentary field

C(§) = 1_s4)(arg &)

G
Kévin Polisano Seminar AMA group 47/37



C(§) = 1_s4)(arg &)

T
a(x, xp) = D) + X0
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-entary field

C(€) = 1_sq(arg€) WAFBF

G
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-nentary field

WAFBF

© The directionnality is not controlled

v
L
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-ementary field

© The directionnality is not controlled
© Which transformation ® enables to prescribe the
orientation at each point a(x) ?

v
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-Iementary field

C(§) = 1154 (arg§)

X

© The directionnality is not controlled
© Which transformation ® enables to prescribe the
orientation at each point a(x) ?
© Which definition for the orientation of a random field ?
1 2

G
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-ntation of a localizable Gaussian field

Local orientation of the WAFBF where X = X,,, 5 is an EF

The tangent field of Zy x(x) = X,,s(®P(x)) at xp is

Yo (X) = X4 5(DP(x0) Xx), Vx € R?

. .o T .
whose orientation is Ay, = IIthggggll with L = D®(xp), hence

iiz(xg) = Ay, Dd(xg)" u(xo)

" [[D®(x0) (o)

v
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-tion of a localizable Gaussian field

Exemple (Rotation locale du WAFBF ou X = X 5)

The local orientation of Zg x(x) = Xos(®(x)) at xo with

D®(xo)"er 8s ©
B (o) e AL 1S -

u(a(x0))+(u(a(x0))", X0) Ver(x0)
u(a(x0))+(u(a(x0))+, x0) Va(xo)|

d(x) = R_.(x)x is given by fiz(xo) =

fz(x0) =

Kévin Polisano Seminar AMA group 47/37



Prescribed orientations for the WAFBF

Proposition (Orientation control by harmonic functions)

Let Zo, x(x) be the field X = Xy s with orientation
e; = (1,0)" warped by a conform transformation ®,, defined
by :

© o : R? — R a harmonic function,

: . : . A
@ ) its conjugate harmonic function such as W, = (—a)

is holomorphic,
@ @, a complex primitive of exp(W,,).

The local orientation (up to §2) of Zg, x at xg is

() = (C°S“(X°)) — u(a(x)) .

sin a(xp)
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-gm of the atomic decomposition

K
x:Zc,-a,-, >0 aecA
i=1

Atomic norm (Chandrasekaran et al., 2010)

||| =inf{t >0:x € tconv(A)}

:inf{an:xzzcaa}

T
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-separation

Objective : Extract frequencies and amplitudes of sinusoids.

x(t) = x1(t) + % (1) xi(t) =[3]exp <j27rt> x(t) =[1]exp <j27rt>

= spectral method estimation (Prony, ESPRIT, MUSIC, ...)

[N A

v
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I
-method

K

X = Zpk(e_f‘“k)m, ok €C, wy € [-m,7], m=-M,....M
k=1 T

Zk

K

Annihilating filter : H(z) = H(z —Zk) = Z hy 2

k=1 k=0

K K K .
Z thm—j Z h (Z kak ) = Zka;(n (Z hjZ,:J) =0
j=0 k=1 k=1 j=0
~— —
H(zx)=0

G
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-I method : annihilating polynomial

K
Xm=Zpk(e_jwk)m, pk € C, wkE[—Tr,ﬂ'], m=-M,....M
K
Annihilating filter : H(z) = H(z —Zk) = Z hyz¥
k=1 k=0
K
thjxm_J—O Vm=-M+K,.. M& xxh=0
j=0
X-M+K X—M ho 0
) =1 : -~ TKh =0
xw o xm-k /) \hk 0 .

e
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- method : frequencies estimation

K
Xm = Zpk(e’f“k)m, ok €C, wg € [-m,7], m=-M,.... M
1 T/
K
Annihilating filter: H(z) = H zZ—Z) Z hi 2
k=1
@ h = sing. vec. for A =0 of
XMtk 0 Xom
Tk = :
X\ e XK
@ Z, = roots of the polynomial H(z), puis wx = arg(zx) ¥
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-method : amplitudes estimation

K
@ X, = Zpk (e‘jwk)m, Vm=-M,....M
k=1

ejMw1 . ejMwK o1 X_M
o : : : = : = Up = x

e Mot emiMar |\ Xy
Least-square method :
U"Up = U'x <= p = (U"U)TU"x

v
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Motivations
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Motivations
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Diverses applications

ULIEL, = DL - + e

' G
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.rpectives

@ Improvement of the methods :
o Definition of the Riesz transform a random field
o Test hypothesis for the directionality of a texture
o 2-D extraction of the line parameters

@ Applications :

o Tests of orientation on real medical images

@ Super-resolution of patchs on images from microscopy
@ Further perspectives :

o Treat the multiple orientations case
o Super-resolution of 2-D curves

v

L1 G
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