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Riesz-based orientation of localizable Gaussian fields _

© Intro: from Brownian motion to anisotropic random fields

© Two classes of Gaussian fields with prescribed orientation:

o Generalized Anisotropic Fractional Brownian Fields (GAFBF)
e Warped Anisotropic Fractional Brownian Field (WAFBF)

@ Definition of the notion of orientation for random fields:

o H-self-similar Gaussian fields with stationary increments (H-sssi)
o Generalization to the class of localizable Gaussian fields

© Conclusion and perspectives

@
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From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

Definition of the notion of ntation for random fields

Introduction: from Brownian motion
to anisotropic random fields

@
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@ independants
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From Brownian motion to anlsotroplc random fields

Riesz-based orientation of localizable Gaussian fields Two models: lo

Definition of the notion ientation for random field
mrownla n to random anisotropic fields
Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bmllllll Eslra\‘le
1828 1905 1923 1940 1968 1995

TxQ — E

- _ . X
(tw) — X(tw)

@ (B:): has independants
increments, By = 0 a.s. ANl <
¢ Bti_BthN(Ovti_tj) [/\
@ (B:): has continuous
sample paths a.s. I
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and ped H-sssi fields
Definition of the notion of orientation for random fields

Fm Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont BDI‘lIllII Eslra\‘le
1828 1905 1923 1940 1968 1995

{X(t)}tet is self-similar of
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From Brownian motion to anisotropic random fields
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields

mownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bonami-Estrade
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From Browman motlon to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields odels a ed Ids

random fields

Brownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont BDIIIllII Eslra\‘le
1828 1905 1923 1940 1968 1995
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fractional Brownian motion B/ (FBM)
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields odels & arped H-sssi fields
entation for random fields

mBrownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont BDIIIllII Eslra\‘le
1828 1905 1923 1940 1968 1995

o E[(BM(t) — BM(5))?] = |t — s|*" = stat. increments
o R(t,s) = Cov(B"(t), B"(s)) = 3(t?" + s*H — |t — s|*"")

fractional Brownian motion B/ (FBM)
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

-"rTBrownian to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bonami-Estrade
1828 1905 1923 1940 1968 1995 2003

® &6 6 6 6 0 ©°
o E[(BM(t) — BM(5))?] = |t — s|*" = stat. increments
o R(t,s) = Cov(B"(t), BY(s)) = 3(t* + " — |t — s|"")
o BH(t) =21 [, é;ff—g/gW(g) = harmonizable formula

fractional Brownian motion B/ (FBM)

H=0.2 H=05 H=038 @



From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields
mla n to random anisotropic fields

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bonami-Estrade
1828 1905 1923 1940 1968 1995 2003

o E[(B"(x) - BH(y))?] =[x — y|*", x,y € R?
° R(x,y)=3 (HXH?{”: Iy 1127 = llx = y[12¥)
o B(x) = & [, 50 IW(de)

fractional Brownian field B (FBF)
i - -

H=02 H=05 H=08 o)



From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

Definition of the notion of ntation for random fields

todel of Bonami-Estrade

Brown Einstein Wiener Knlmﬂgomv Mandelbrot Kamont BDI‘lIllII Eslra\‘le
1828 1905 1923 1968 1995
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From Brownian motion to anisotropic random fields
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

todel of Bonami-Estrade

Brown Einstein Wiener Kolmogorov Mandelbrot Kamont Bonami-Estrade
1828 1905 1923 1940 1968 1995 2003

X = [ (9 - 1)re) W(ag)
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Riesz-based orientation of localizable Gaussian fields wo m alized ed ields
e i andom fields

mcase of H-sssi: the elementary field

. 154 (arg§ — ag) =
X(x) — jxe) _q) 00
()= [ (8 1) g e
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models
Definition of the notion ientation for random field

-:?iall case of H-sssi: the elementary field

. Ti_ss(arg€ — ap) =
X(x) = L p— W(d
) /R 5 g gl ()

Elementary field (EF) [H = 0.5, ag = 7/6]

X

Texture | B
orientation

aceroissements stationnaires | §=31 0_1
densité f(€) i = 9.
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From Brownian motlon to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: lo d :
Definition of the notio

-:?iall case of H-sssi: the elementary field

; 1 s5(arg€ — o)
X(x) = I8 _q) Lo W(d
) /Rz . g ([ ()

Elementary field (EF) [H = 0.5, ag = /6]

accroisszr:e‘:t; sft:l;i)onnaires i §=3.10" 1 0 =3.10" 1
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: local & arped H-sssi fields
Definition of the notio entation for random fields

-gof the art: anisotropic Gaussian fields

o Fractional Brownian sheet (FBS) (Kamont, 1995), (Léger and
Pontier, 1999), (Ayache et al., 2002)

H-sssi fields (Benassi et coll., 1997)

Model of Bonami and Estrade (Bonami and Estrade, 2003)

Operator scaling Gaussian random fields (OSGRF)
(Schertzer and Lovejoy, 1985), (Biermé et. al, 2007)

Model of Xue, Xiao, Li (Xue and Xiao, 2011), (Li and Xiao, 2011)

@
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From Brownian motion to anisotropic random fields
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= no class of fields with controlled local anisotropy
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From Brownian motion to

Riesz-based orientation of localizable Gaussian fields Two models: localized and
Definition of the notion of orientation for random fields

.?of the art: anisotropic Gaussian fields

o Fractional Brownian sheet (FBS) (Kamont, 1995), (Léger and
Pontier, 1999), (Ayache et al., 2002)

H-sssi fields (Benassi et coll., 1997)

Model of Bonami and Estrade (Bonami and Estrade, 2003)

Operator scaling Gaussian random fields (OSGRF)
(Schertzer and Lovejoy, 1985), (Biermé et. al, 2007)

Model of Xue, Xiao, Li (Xue and Xiao, 2011), (Li and Xiao, 2011)

= no class of fields with controlled local anisotropy

= contribution : two new classes of this type
the (GAFBF) and the (WAFBF)
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From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

Definition of the notion of orientation for random fields

Two models:
localized and warped H-sssi fields
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

m—sssi fields to GAFBF

X(x) = /(e“€> 1)F2(€) W(de)

If X is H-self-similar, that is X(Ax) = A" X(x), one has:

c(€)
f1/2 —
©) g

[ C(8) =1 5 (arg & — o) ]

with homogeneous anisotropic function E — C(g) @
Kévin Polisano ANR Mistic 11/33



From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

Fel with prescribed orientations and regularities

New model: a localized and multifractional version of H-sssi fields

X(x) = /R (8~ 1) £, €)W )

ceeeeeee=--. GAFBF .______.......

VN { 1
\“‘. : fl/2(X €) _ C(X, E) E
'f ! ™™ ;
AN ,’ 1
N ) LAFBF oo .
=~ Yo
P ‘,l" ';/ E : C(X,g) = ”[ (5(X)_,)(X)](arg{ - IL(X)) : :
-~ i '- _____________________________ J :
i

densité f(€)

acer. mon B L L L L
densité f(z,€)



Riesz-based orientation of localizable Gaussian fields
Wprescrl bed local orientation

H — ey 1\ Lss(arg€ — a(x)) o
B0 = [ (9 1) ——

localized elementary field (LAFBF) [H =08, a(x,x) = —7/2 + x]

0 12)
. ) = A

5(xp, arg &)
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an motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two mod localized and warped H-sssi fields
Definition of the notion of orientation for random fields

mngent field: a tool for analysis and synthesis

@ A tool for analysis (Lévy-Vehel, 1995), (Falconer, 2002) :

{“m X(xo + px) — X(xo)} g

p—0 phlxo) ={Y% (X)}xelR2

Roughly speaking Y, is the “local form” of X at point xp.

@ A tool for synthesis (Lévy-Véhel, 1995), (Benassi, 1997) :
X(x0) < Yy (x = x0)

= If Y is “localizable”, all local anisotropy characteristics are
defined and herited from its tangent field.
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

ﬁssumptions on the GAFBF

Assumptions (#)

@ his f—Holder, such that a = inﬂi2 h(x) > 0,
PSS
b= sup h(x) and b< g < 1.

x€R?
o (x,6)— C
@ &— C(x,¢&
o &£— C(x,¢&
o x+— C(x,&

—

x, &) is bounded C(x,&) < M, V(x, &).
is even C(x,—€&) = C(x,&).
homogeneous C(x, p€) = C(x, &), Vp.

~ ~— ~—

is continuous and dn, f <n <1, Vx

sup ||z||_2’7/ [C(x 4+ z,0) — C(x,0)]?dO® < A, < 0
zeB(0,1) st

@
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From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

Definition of the notion of orientation for random fields

Tangent field of the GAFBF

Let X be the GAFBF defined by
j(x C(X7 6) Ty
X(x) = /Rz (/& —1) WW(G@

Theorem (P. et al., 2017)

If X satisfies the assumptions (#), then X admits at every
point xg € R? a tangent field Y, given by:

Y (x) = /R (8 — 1P, )W)
= [ (e - 1= Weag).

€|+

'@
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From Brownian motion to anisotropic random fields
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Definition of the notion of orientation for random fields

Tangent field of the GAFBF

Let X be the GAFBF defined by
j(x C(X7 6) Ty
X(x) = /Rz (/& —1) WW(G@

Theorem (P. et al., 2017)

If X satisfies the assumptions (#), then X admits at every
point xg € R? a tangent field Y, given by:

Y (x) = /R (8 — 1P, )W)

H-sssi field = / (eIx:&) 1)”;“?%W(d§) :
R2

'@
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From B tropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random field

-aTgent field: a tool for analysis and synthesis

© A tool for analysis (Lévy-Vehel, 1995), (Falconer, 2002) :

{Iim X(xo + px) — X(xo)

p—0 ph(XO)

b0

© A tool for synthesis (Lévy-Véhel, 1995), (Benassi, 1997) :

X(Xo) <— YXO(X = Xo)

‘D
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

mngent field: a tool for analysis and synthesis

© A tool for analysis (Lévy-Vehel, 1995), (Falconer, 2002) :

lim X(XU + pX) — X(XO)
p—0 ph(XO)

b0

© A tool for synthesis (Lévy-Véhel, 1995), (Benassi, 1997) :

X(x0) < Yy, (x = X0)

Multifractional Brownian field B" (MBF) (Peitier, Vehel, 1995)
@ Analysis : the MBF behaves locally as a FBF

{im Eot ) Blall 2 gy,

p—0 ph(XO)
@ Synthesis : B"(xp) < B"*)(x = xg)
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From Brownian motion to anisotropic random fields
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Riesz-based orientation of localizable Gaussian fields
IGAFB F by its tangent fields

X(x0) < Yy (X = x0) = /Rz(e“x’@ — 1)@’%W(d§)

Yo GAFBF X Yo
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Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

@ Linear variation of the orientations a(x) along (Ox)
@ Linear variation of the directionality §(x) along (Ox)
@ Linear variation of the regularity h(x) along (Ox)
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

F WAFBF: warped H-sssi fields

Definition (WAFBF)

Let X be a H-sssi field and @ : R? — R2 be a continuously
differentiable function. The Warped Anisotropic Fractional
Brownian Field (WAFBF) Zy x is defined as the deformation
of the elementary field X by the application ®:

Zo x(x) = X(®(x)) .

References about deformations of stationary random fields:
@ (Perrin and Senoussi, 1999, 2000)
@ (Guyon and Perrin, 2000)
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

" The WAFBF: warped H-sssi fields

Definition (WAFBF)

Let X be a H-sssi field and @ : R? — R? be a continuously
differentiable function. The WAFBF Zg x is defined as the
deformation of the elementary field X by the application ®:

Zq;’x(X) = X(dJ(x)) o

Theorem (Tangent field of the WAFBF)
Zo x admits at every point xp € R? the tangent field:

Yo (x) = X(D®(x9) x), Vx €R?,

where D®(xg) is the jacobian matrix of ® at point xo. @
V.
Kévin Polisano




Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

C(&) = 1154 (arg§)
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Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

C(&) = L-s5(arg€) WAFBF
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Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

C(&) = 1154 (arg§)

@ The directionnality is not controlled
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Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

C(&) = 1j_s4)(arg &)

@ The directionnality is not controlled

© What transformation ® makes it possible to prescribe the
orientation at each point a(x) ?
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Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

C(&) = 1j_s4)(arg &)

@ The directionnality is not controlled

© What transformation ® makes it possible to prescribe the
orientation at each point a(x) ?

© What definition for the orientation of a random field ? @
Kévin Polisano



From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

Definition of the notion of orientation for random fields

Definition of the notion of orientation
for random fields
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ropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

mentation of a deterministic function

Gradient operator

The gradient operator V : f — (0, f, O, f), with the notation
O, f 1 X = (x1, %) — g—);(x), is defined in Fourier domain by:

— ~

B f(w) = —junf(w), Fuf(w) = —jwrf(w)

= Orientation: n(x) = % f(x) = arctan <

i)
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From B n motion tc ropi ndom fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

mrientation of a deterministic function

Gradient operator

The gradient operator V : f — (0, f, O, f), with the notation
O, f 1 X = (x1, %) — g—;(x), is defined in Fourier domain by:

— ~

B f(w) = —junf(w), Fuf(w) = —jwrf(w)

= (More robust) minimize the directions against V7:

max /R2 w(x—x") (n(#), VF(x'))?dx' = max n(0) Y (x)n(0)

0/

(e = [ W), ()0, F() X' prae{1.2)
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From B n motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

mntation of a deterministic function

Riesz transform and monogenic signal (Felsberg, 2001)

The Riesz operator R : f — (R1f, Raf) is defined by:

— wp =~ — Wy -~

Rif(w) = —j Tl f(w), Rof(w)=—]j Tl f(w)
i i 'nx:L(X) Xx) = arctan Raf (x)
= Orientation: n(x) TR 0(x) t (le(x)>
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ropic random fields

odels: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

Riesz transform and monogenic signal (Felsberg, 2001)
The Riesz operator R : f — (R1f, Raf) is defined by:

— wp =~ — Wy -~

Rif(w) = =] ol flw), Rof(w)=—] o flw)
rientation: n(x) = L(X) X) = arctan Raf(x)
= Orientation: n(x) ||Rf(x)|'9( ) t (le(x)>
&~
' IR ’

Credits: R. Soulard @
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dels: localize
Defm n of the notion of orientation for random fields

The Riesz operator R : f — (R1f, Raf) is defined by:

Rif (@) = —j o Fw), Raf(w) = —jrf(w)

= (More robust) minimize the directions against Rf:

max /R2 w(x—x") (n(#), Rf(x"))*dx’ = max n(@)" I (x)n(¢)
(e = | W ORAF R AN, pg € (1.2}
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

Fcal orientation of a deterministic function

Structure tensor

The structure tensor J¥(x) = J¢(x) * w is defined from
following symmetric matrix, positive definite and of rank one:

- Rif(x)? Raf(x)Raf(x
Ji(x) = Rf(x)Rf(x)" = <R1f(x)§22)f(x) 75212(X)2( ))

Local orientation & coherency index

@ The local orientation n(x) = Rf(x)/||Rf(x)| of f at
point x corresponds to the unit eigenvector associated to
the largest of the eigenvalues \1(x), A\2(x) of J¥(x)

@ The coherence index provides a degree of directionality:

_ a(x) = Au(x))|
Xf(x) - )\1(X)+)\2(X) @

V.
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From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

Definition of the notion of orientation for random fields

lobal definition of orientation for H-sssi fields

Structure tensor in the self-similar stationary case

Let X be a H-sssi field whose anisotropy function Cx is
bounded and ) a zero-mean isotropic window admitting two
vanishing moments.

We define the following random structure tensor:

|<X7R1¢>|2 <X,R1¢> <X7R2¢>

JU =
AKX ROGRD) (X, R

with the Gaussian variable (X, Rs)) = [o. X(x)Ret(x) dx

@
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From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

Definition of the notion of orientation for random fields

Global definition of orientation for H-sssi fields

Theorem (P. et al., 2019)
Define /(€)= ([|£]]). Then

efag] = ([ ko) o

where Jx is called the tensor structure of X defined by :

[JX]£1£2 - 931662 CX(G)2 d("), El,fz S {1,2} .

Ocst

@
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

rGlobaI definition of orientation for H-sssi fields

Definition (Orientation & coherence index of a H-sssi field X)

@ The orientation nx of X is given by the unit eigenvector
associated to the largest of the eigenvalues Ai, A\» of Jx

@ The coherence index of X is defined by

_ e =N
A1+ A

@
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Orientation of an elementary field
X = Xao,5 with CX(@) = ]l[,(;,(;](arg@ = ao)

fix = u(ag) = (C?S O‘O)} W(X) = sm(25)

sin ayg

g _ [7+3cosla o)) Lsin(ag) )
X = .
5 sin(ao)—s'"z((?‘s) I—3 cos(ao)—s'"2(§5)
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X = Xa0,5 with CX(@) = ]l[,(;,(;](arg (C ao)

nx = u(ap) = (sin ao)} Y(X) = %
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ian motion to an ropic random fields

Riesz-based orientation of localizable Gaussian fields Two r and warped H-sssi fields
Definition of the notion of orientation for random fields

mransformation of an EF and its orientation

Sum of two independant elementary fields
Let define X = X, s + X, s the sum of two independant EF.

. + sin(20
fix =u (%) . x(X) = : 2(5 )cos(ao — o)

V.

Deformation of an elementary field

Let L be an invertible 2 x 2 matrix and X, (x) = X, s(Lx)

LTU(OéQ)

iy, = e
LT (o)
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From Brownian motion to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

IBrientation of a localizable Gaussian field

Localizable Gaussian field

A random field X = {X(x), x € R?} is said to be localizable,
if it admits a tangent field at every point x € R?.
References : (Lévy-Véhel, 1995), (Benassi et coll., 1997), (Falconer, 2002).

Definition (Local orientation of a localizable Gaussian field)

The local orientation fix(xg) of the localizable Gaussian field
X at point xp is the orientation of its tangent field Y, H-sssi :

ﬁx(Xo) = ﬁyxo
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andom fields

Riesz-based orientation of localizable Gaussian fields v £ d and warped H-sssi fields
on of orientation for random fields

mion of a localizable Gaussian field

Local orientation of the LAFBF X

The local orientation rix(xo) and the coherence index x(xg) of
X at xg are those of the elementary field X, (x,) s5(x):

5. _ (cosa(Xo)>, V() = S200))

ag(x0),8(xp) Sin Oé(x[)) 25(X0)

ﬁx(Xo) =

i Texture
orientation

e
7. ) = A

(x0,arg§)
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n motion to a ropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

mation of a localizable Gaussian field

Local orientation of the WAFBF where X = X, 5 is an EF

The tangent field of Zy x(x) = X,,s(®(x)) at xp is

Y (X) = X, 5(DP(x0) x), Vx € R?

. L T .
whose orientation is Ay, = ”ngg;” with L = D®(xp), hence

fiz(xo) = Ay, = D®(xp) "u(a)
©  [D®(x0)Tu(0))

v
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Riesz-based orientation of localizable Gaussian fields

mn of a localizable Gaussian field

Rotation locale du WAFBF ou X = Xy 5

The local orientation of Zo_ x(x) = Xos5(®.(x)) at xo with

DO(xo)Ter  that s -

&, (x) = R_,(x)x is given by fiz(xg) = T

Z¢,X - X075 O ¢

Kévin Polisano ANR Mistic

30/33



From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

Prescribed orientations for the WAFBF

Proposition (Orientation controled by harmonic functions)

Let Zo, x(x) be the field X = X5 of orientation e; = (1,0)7
warped by a conform transformation @, defined by:

© o :R?2 — R a harmonic function
© )\ its conjugate harmonic function such as W, = (_)\a>
is holomorphic
@ @, a complex primitive of exp(W,,)
The local orientation (up to §2) of Ze_ x at xg is

z000) = (el ) = ulalo)

sin a(xo)

‘@
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From Brownian mo to anisotropic random fields

Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields
Definition of the notion of orientation for random fields

iwith prescribed local orientations

C(§) = 1_s4)(arg€) WAFBF (a,b) = (2, 1)

A

>,

a(x1,x2) = axy + bxa + ¢

B, (x1, ) = P2 = bx) (a sin(ax; + bxa + ¢) — bcos(ax, + bx + c))

a2 + b2 acos(axy + bxo + ¢) + bsin(axy + bxa + ¢)

_ Do (x
Az(x) = D

(
T
(1, ; = (cos a(x), sin o x))

)T(1,0
(x)T(1,0)|] o)



From Brownian motion to anisotropic random fields
Riesz-based orientation of localizable Gaussian fields Two models: localized and warped H-sssi fields

Fnclusion

» Conclusion

Definition of the notion of orientation for random fields

© Two models of anisotropic Gaussian fields enabling to control
the local orientation at every point

© Definition of a global orientation for the self-similar case

© Turn the global definition to a local one by considering
localizable fields behaving locally as self-similar ones

@ Show the consistency of our approach on our two models

» Perspectives
@ Definition of the Riesz transform for random fields
 Estimation of the roughness and anisotropy by wavelets
@ Test hypothesis for the directionality of a texture

@
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mAFBF inspired from (Wood, 1994)

©® Simulate U GAFBF X" with constant regularities

(Hu)lgugU :
. Co (&) —
X"(x0) = Yip(x = X0) = / (18 —1) Ofgizlw(dﬁ)
R2 €1l
Y. GAFBF X (H constant) Y
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‘AFBF inspired from (Wood, 1994)

® Simulate the GAFBF with variable regularity by krigeage :

Spatial interpolation of the (X) from the covariance

GAFBF XM GAFBF XHu GAFBF X
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Synthesis of GAFBF
H-sssi field’s roughness and anisotropy estimation

-gof H-sssi fields by turning bands

Y["] Zw, x0)B ((x, ©;)) ,

i=1
= Simulate n FBM B/ of complexity O(¢log ¢)

Appendix

(Wood et coll., 1994)
(Perrin et coll., 2002)

B ((x,0)
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Appendix | Syt off GAFER

imof the LAFBF with H constant

o (x0) = YI(x Zw X, ©)))

wi(%0)? ¢ Co(©)) = 11 _5(x0).5(x0)1 (ar8 ©; — (x0))




Bl 5(x0) + YI(x = x) = wa(XO)B;H“Xoa ) ,

@ Pre-computing of the n B/’ (complexity O(¢log())
@ The rest of the algorithm is of complexity O(log n#pixels)

Sy
N

)
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-tTe LAFBF with H constant

Bolt-{a = Y)!:](X = Xo) = Zw,-(xo)BiH ({(x0, ©1)) ,
i=1

wi(%0)? ¢ G (©7) = L= s(x,).5(x0)1 (ar8 ©; — 1(Xo))

C(09) Cy, (©;) régularisée @



Synthesis of GAFBF

H-sssi field's roughness and anisotropy estimation

mion of the LAFBF with h variable (krigeage)

Appendix

Z(s))= > NZ(s)=X'Z (BLUE)
i€V(sp)

Z =B, (B)1cucu — Z(si), j = Cov(Z(si), Z(s)) — A

) P ‘/\ Texture orientée de rugosité Hyy1

so = (k1, ko, h(ki, k2))

L (‘—\:,\ Texture orientée de rugosité H,,

si = (ky, ko — 1, Hy,)
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Synthesis of GAF!

Appendix H- eld’s roug and aniso stimation

mn of the LAFBF

310

h linear h radial h sinusoidal
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Synthesis of GAFBF
H-sssi field's roughness and anisotropy estimation

Forientation of a deterministic function

Monogenic wavelet coefficients (Unser, Olhede, 2009)

Let ¢ k(x) = 274)(2'x — k) be a wavelet frame constructed

from a real isotropic wavelet IZ(:S) = ¢(|l€]]). We consider the
wavelet coefficients of Rf in the frame {¢; «}:

CﬁR)(f) _ (1)(f) ((le,"é/fi,k>) _ <<f,731¢i,k>>
ik (f) (Raf , Yik) (f, Ravi)
Tensor structure of the wavelet coefficients:
3T = D)D)y = ( QAR - c,{i)(f))
| o Q)< 1R ©

Kévin Polisano ANR Mistic 41/33

Appendix




Appendix Synthesis of GAFBF

IBrientation of a H-sssi field

H-sssi field's roughness and anisotropy estimation

Monogenic wavelet coefficients of a H-sssi field X

(&) IlEI™"" Wi(dg) |

c(X) = (X, Retbin) = fro Rethi k(€) Cx

Theorem (P. et al., 2017)
L0 = (X, 200)T, then:
2—2i(H+1)JX

Let us define c

E[c,-‘,P(X)c,-f’(X)*] x

)

where Jx is called the tensor structure of X defined by :

ly, 0y € {1,2} .

0,0, C(©)*dO,

OcS!

[Ixlee, =

v

@
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