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Convolutional neural networks
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Source : https://developersbreach.com/convolution-neural-network-deep-learning/

Image classification: feature vectors are fed into a linear classifier 

Desired property of CNN: to remain invariant to small translations

Are extracted features maps stable to translations?
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How to make CNNs shift-invariant?
Architectural online invariance

<latexit sha1_base64="NM60JpCuu24WMGndj4AgrQtugMc="></latexit>

�(Tvx) ⇡ �(x)

Are extracted features maps stable to translations?

What kind of linear and non-linear operators to consider?
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How to make CNNs shift-invariant?
Architectural online invariance

Inductive biases Weight sharing
Locality

Multichanneling

Downsampling
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Convolution & Max Pooling invariance ?

18

Source : https://developersbreach.com/convolution-neural-network-deep-learning/
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Shift invariance ≠ Equivariance
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Shift equivariance
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Source :  https://chriswolfvision.medium.com/what-is-translation-equivariance-and-why-do-we-use-
convolutions-to-get-it-6f18139d4c59
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Input signal Band-pass 
convolution kernel

Output signal

Shift equivariance, or covariance

ConvInput Output
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Source :  https://www.doc.ic.ac.uk/~bkainz/teaching/DL/notes/equivariance.pdf

Convolutions are shift-equivariant 
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Source :  https://www.doc.ic.ac.uk/~bkainz/teaching/DL/notes/equivariance.pdf

Convolutions are shift-equivariant 
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Source : https://cs231n.github.io/convolutional-networks/

https://cs231n.github.io/convolutional-networks/
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Source :  https://www.doc.ic.ac.uk/~bkainz/teaching/DL/notes/equivariance.pdf

Convolutions are followed by a max pooling 
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Convolutions are followed by a max pooling 
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Max pooling builds up shift-invariance
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The scattering transform builds shift-invariant feature vectors:
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General deep convolutional neural networks also 
become more translation invariant with increasing 
network depth (proved in the continuous framework).
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T. Wiatowski and H. Bölcskei, A Mathematical Theory of Deep Convolutional Neural Networks for Feature Extraction, 
IEEE Transactions on Information Theory, 64 (2018), pp. 1845–1866

General deep convolutional neural networks also 
become more translation invariant with increasing 
network depth (proved in the continuous framework).
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These results do not fully extend to the discrete framework

Strided convolution and pooling operators may greatly diverge 
from shift invariance, due to aliasing when subsampling high-
frequency signals
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(retains one value out of two)
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These results do not fully extend to the discrete framework

Strided convolution and pooling operators may greatly diverge 
from shift invariance, due to aliasing when subsampling high-
frequency signals

Input signal Band-pass 
convolution kernel

Output signal

Subsampling a high-frequency signal
→ Aliasing effect
→ Instability to small input shifts



Kévin Polisano – DATA seminar – 23/11/2023

Invariance studies in CNN

32

These results do not fully extend to the discrete framework

Strided convolution and pooling operators may greatly diverge 
from shift invariance, due to aliasing when subsampling high-
frequency signals

A. Azulay and Y. Weiss, Why do deep convolutional networks generalize so poorly to small image transformations?, 
Journal of Machine Learning Research, 2019.

R. Zhang, Making Convolutional Networks Shift-Invariant Again, in International Conference on Machine 
Learning, 2019.
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R. Zhang, Making Convolutional Networks Shift-Invariant Again, in International Conference on Machine 
Learning, 2019.
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The effect of the max pooling operator on network stability 
under small input shifts has not been investigated, particularly 
when used in combination with Gabor-like convolutions.
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In the discrete case, the presence of subsampled convolutions with 
oriented band-pass filters can lead to aliasing artifacts. To our 
knowledge, the literature lacks theoretical studies that take 
these aliasing effects into account.



Kévin Polisano – DATA seminar – 23/11/2023

Blind spots in the shift-invariance studies

54

The effect of the max pooling operator on network stability 
under small input shifts has not been investigated, particularly 
when used in combination with Gabor-like convolutions.

In the discrete case, the presence of subsampled convolutions with 
oriented band-pass filters can lead to aliasing artifacts. To our 
knowledge, the literature lacks theoretical studies that take 
these aliasing effects into account.

Although extensive studies have been conducted on complex-valued 
convolutions followed by modulus, a link is missing to extend these 
results to standard CNNs, which implement real-valued 
convolutions and spatial pooling operators.
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Yosinski J, Clune J, Bengio Y, and Lipson H. How transferable are features in deep neural networks? In Advances in 
Neural Information Processing Systems 27 (NIPS ’14), NIPS Foundation, 2014.

Rai, Mehang, and Pablo Rivas. "A review of convolutional neural networks and Gabor filters in object recognition." 2020 
International Conference on Computational Science and Computational Intelligence (CSCI). IEEE, 2020.
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<latexit sha1_base64="Ye78bf8LJYPG1/aG8Klcc/LM7mk="></latexit>

V
�
⌫, "

�
:=

n
 2 L2

C(R2)
��� supp b ⇢ B1(⌫, "/2)

o
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<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")
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�
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�
:=
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o
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F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="M91qS61/Z5+NM39LttRQQnkDNv0="></latexit>

↵ : ⌧ 7! k⌧k1
2

<latexit sha1_base64="jSDtFMhOhiQeb+Kx6PIeaPMKQcE="></latexit>

kThF0 � F0kL2  ↵("h)kF0kL2

Shift-invariance bound for low-frequency functions:
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Theorem (Shift invariance of          )ℂ𝐌𝐨𝐝

<latexit sha1_base64="rL2j8fjqZMZ5emXF4byIKDxkk/I="></latexit>

X 2 l2R(Z2)
<latexit sha1_base64="ahl+GBlvZ/Lu8PKXm/5DFVSokFo="></latexit>��Umod

m (TuX)� Umod
m X

��
2
 ↵(u)

��Umod
m X

��
2

<latexit sha1_base64="VxnaXl9wdBtD/eZTj4SgqUtHENk="></latexit>

W 2 J
�
✓, 

� <latexit sha1_base64="10g0ZRHARKxz2nN4lkAuKGJuNCk="></latexit>

  ⇡/mIf and
then for any input image with finite support
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��Umod
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��
2
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W 2 J
�
✓, 

� <latexit sha1_base64="10g0ZRHARKxz2nN4lkAuKGJuNCk="></latexit>

  ⇡/mIf and
then for any input image with finite support

<latexit sha1_base64="M91qS61/Z5+NM39LttRQQnkDNv0="></latexit>

↵ : ⌧ 7! k⌧k1
2
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�ih⌫,x+hi) = Re((F ⇤  )(x)e�ih⌫,hi)



Kévin Polisano – DATA seminar – 23/11/2023

From CMod to RMax in the continuous framework

66

I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="D58DnOlkOfUcEl9bsPQg4jWSx/I="></latexit>

(F ⇤ Re )(x) = Re((F ⇤  )(x)) = Re(F0(x)e
�ih⌫,xi)

<latexit sha1_base64="NcCwTmfrfRGSF3tPQnq/zGKcDzY="></latexit>

khk2 ⌧ 2⇡/" =) F0(x+ h) ⇡ F0(x)
<latexit sha1_base64="iK9DJlMurYjThgix9DM7AcuOFYg="></latexit>

(F ⇤  )(x) = |(F ⇤  )(x)|e�iH(x)

<latexit sha1_base64="iPHXkefx19PRGHZiPnHcxwIYCqw="></latexit>

(F ⇤ Re )(x+ h) ⇡ Re(F0(x)e
�ih⌫,x+hi) = Re((F ⇤  )(x)e�ih⌫,hi)



Kévin Polisano – DATA seminar – 23/11/2023

From CMod to RMax in the continuous framework

66

I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="D58DnOlkOfUcEl9bsPQg4jWSx/I="></latexit>

(F ⇤ Re )(x) = Re((F ⇤  )(x)) = Re(F0(x)e
�ih⌫,xi)

<latexit sha1_base64="NcCwTmfrfRGSF3tPQnq/zGKcDzY="></latexit>

khk2 ⌧ 2⇡/" =) F0(x+ h) ⇡ F0(x)
<latexit sha1_base64="iK9DJlMurYjThgix9DM7AcuOFYg="></latexit>

(F ⇤  )(x) = |(F ⇤  )(x)|e�iH(x)

<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="iPHXkefx19PRGHZiPnHcxwIYCqw="></latexit>

(F ⇤ Re )(x+ h) ⇡ Re(F0(x)e
�ih⌫,x+hi) = Re((F ⇤  )(x)e�ih⌫,hi)
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="UrR6tvGfiQajIEPg+OZQJ5A3BWU="></latexit>

Umod[ ] (F ) : x 7!
��(F ⇤  )(x)

��

<latexit sha1_base64="vCIBw9iDqAYhvvq/fzXEeKwj0k0="></latexit>

Umax
r [ ] (F ) : x 7! max

khk1r
(F ⇤ Re )(x+ h)
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="UrR6tvGfiQajIEPg+OZQJ5A3BWU="></latexit>

Umod[ ] (F ) : x 7!
��(F ⇤  )(x)

��

<latexit sha1_base64="vCIBw9iDqAYhvvq/fzXEeKwj0k0="></latexit>

Umax
r [ ] (F ) : x 7! max

khk1r
(F ⇤ Re )(x+ h)

<latexit sha1_base64="iDWI+uqeXPWtr93N92lW66m8ivw="></latexit>

r ⌧ 2⇡/" =) Umax
r F (x) ⇡ UmodF (x) max

khk1r
G(x,h)

Max
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q ⌧ 2⇡/(m) =) Umax
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�
,
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�q : 0 7! q0.

Theorem (Bound on the difference of           and          )ℂ𝐌𝐨𝐝 ℝ𝐌𝐚𝐱
<latexit sha1_base64="10g0ZRHARKxz2nN4lkAuKGJuNCk="></latexit>

  ⇡/m

<latexit sha1_base64="AAhtto8GaElu/YwvWYwFXxh6GnE="></latexit>��Umod
2m X� Umax

m, qX
��
2


���m, qX
��
2
+ �q(m)

��Umod
2m X

��
2

If and under another reasonable hypothesis
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0 = H
(q)
0 (!)  · · ·  H

(q)
nq�1(!) < 2⇡
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�
xn, hp

�
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�
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X(xn)Zp(m✓)

�
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i (!)

�
i2{0..nq�1}

<latexit sha1_base64="KOhkelOMijtNa6Jx7QRq53urcWg="></latexit>

{Zp(!)}p2{�q..q}2Sort 
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[z, z0]S1 ⇢ S1 arc on the unit circle going from z to z’
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<latexit sha1_base64="7Sc2cMPBVXqNRrh6Lq+DW6kA1WA="></latexit>

⌫ = ✓/s

<latexit sha1_base64="i9pZdARZLS9gw1i1ASXPhY9VzyI="></latexit>

hp = msp

<latexit sha1_base64="7mNpb+Nw3zNzKp0YNcHNKuDB0I8="></latexit>

H
(q)
nq

(!) := 2⇡
<latexit sha1_base64="Y3q4kMFjTItRp6lGoGIfMP8rF8A="></latexit>

Z(q)
nq

(!) := 1

<latexit sha1_base64="EIAz+YeDJj1hF9Pc0aLujBqG3v4="></latexit>

0 = H
(q)
0 (!)  · · ·  H

(q)
nq�1(!) < 2⇡

in ascending order of their argument:

<latexit sha1_base64="hX/OuwynPpxQt4IIA6c8Ij4Mk3w="></latexit>

GX

�
xn, hp

�
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�
Z⇤
X(xn)Zp(m✓)

�

<latexit sha1_base64="8OM44fBCl4IFNy1o1/+9R3adam8="></latexit>

nq := (2q + 1)2
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Z(q)
i (!)

�
i2{0..nq�1}

<latexit sha1_base64="KOhkelOMijtNa6Jx7QRq53urcWg="></latexit>

{Zp(!)}p2{�q..q}2Sort 

<latexit sha1_base64="6OgtDz0Eth8j5RyOfcgRM6eOuEY="></latexit>

A(q)
i (!) :=

(h
Z

(q)
i (!), Z(q)

i+1(!)
i

S1
if H(q)

i+1(!)�H
(q)
i (!) < 2⇡;

S1 otherwise.

<latexit sha1_base64="XLQdj2udPIfOAdoWEs3rzTyJPLM="></latexit>

S1
<latexit sha1_base64="4T3d7QjdHBkVBq04UNnpOudPaAY="></latexit>nq

<latexit sha1_base64="k+ADapdkqqZcEzNVNRdQnSqjG7s="></latexit>

Z(q)
i (!)Split      into      arcs delimited by the
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<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>
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<latexit sha1_base64="fHgufySXgiszKOdwcrfISA8bfWw="></latexit>

[z, z0]S1 ⇢ S1 arc on the unit circle going from z to z’
<latexit sha1_base64="hHKZodBdLiBWxrkzm03efr8o2mU="></latexit>

ZX : x 7! eiHX(x) and Zp : ! 7!= eih!,pi
<latexit sha1_base64="7Sc2cMPBVXqNRrh6Lq+DW6kA1WA="></latexit>

⌫ = ✓/s

<latexit sha1_base64="i9pZdARZLS9gw1i1ASXPhY9VzyI="></latexit>

hp = msp

<latexit sha1_base64="7mNpb+Nw3zNzKp0YNcHNKuDB0I8="></latexit>

H
(q)
nq

(!) := 2⇡
<latexit sha1_base64="Y3q4kMFjTItRp6lGoGIfMP8rF8A="></latexit>

Z(q)
nq

(!) := 1

<latexit sha1_base64="EIAz+YeDJj1hF9Pc0aLujBqG3v4="></latexit>

0 = H
(q)
0 (!)  · · ·  H

(q)
nq�1(!) < 2⇡

in ascending order of their argument:

<latexit sha1_base64="hX/OuwynPpxQt4IIA6c8Ij4Mk3w="></latexit>

GX

�
xn, hp

�
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�
Z⇤
X(xn)Zp(m✓)

�

<latexit sha1_base64="8OM44fBCl4IFNy1o1/+9R3adam8="></latexit>

nq := (2q + 1)2
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i (!)

�
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i (!), Z(q)

i+1(!)
i

S1
if H(q)

i+1(!)�H
(q)
i (!) < 2⇡;

S1 otherwise.

<latexit sha1_base64="XLQdj2udPIfOAdoWEs3rzTyJPLM="></latexit>

S1
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Z(q)
i (!)Split      into      arcs delimited by the <latexit sha1_base64="kuIcLK70XJwVeo+Ac01q2cj4wLE="></latexit>

�H
(q)
i (!)
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<latexit sha1_base64="fHgufySXgiszKOdwcrfISA8bfWw="></latexit>

[z, z0]S1 ⇢ S1 arc on the unit circle going from z to z’

<latexit sha1_base64="hX/OuwynPpxQt4IIA6c8Ij4Mk3w="></latexit>

GX

�
xn, hp

�
= Re

�
Z⇤
X(xn)Zp(m✓)

�

<latexit sha1_base64="hHKZodBdLiBWxrkzm03efr8o2mU="></latexit>

ZX : x 7! eiHX(x) and Zp : ! 7!= eih!,pi
<latexit sha1_base64="7Sc2cMPBVXqNRrh6Lq+DW6kA1WA="></latexit>

⌫ = ✓/s

<latexit sha1_base64="i9pZdARZLS9gw1i1ASXPhY9VzyI="></latexit>

hp = msp
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Reformulation of the problem on the unit circle 
<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>

S1 ⇢ C
<latexit sha1_base64="fHgufySXgiszKOdwcrfISA8bfWw="></latexit>

[z, z0]S1 ⇢ S1 arc on the unit circle going from z to z’

<latexit sha1_base64="hX/OuwynPpxQt4IIA6c8Ij4Mk3w="></latexit>

GX

�
xn, hp

�
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Z⇤
X(xn)Zp(m✓)

�

<latexit sha1_base64="hHKZodBdLiBWxrkzm03efr8o2mU="></latexit>

ZX : x 7! eiHX(x) and Zp : ! 7!= eih!,pi
<latexit sha1_base64="7Sc2cMPBVXqNRrh6Lq+DW6kA1WA="></latexit>

⌫ = ✓/s
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hp = msp

<latexit sha1_base64="Y9LBA12jv/bCItKJWYuMuc5LXqc="></latexit>

Gmax
X (x) = gmax(ZX(x))

<latexit sha1_base64="y2m3eu1NzGu8GS/IH6nDOtW7Eac="></latexit>

gmax : z 7! max
kpk1q

Re
�
z⇤Zp

�
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<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>
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<latexit sha1_base64="fHgufySXgiszKOdwcrfISA8bfWw="></latexit>

[z, z0]S1 ⇢ S1 arc on the unit circle going from z to z’

<latexit sha1_base64="hX/OuwynPpxQt4IIA6c8Ij4Mk3w="></latexit>

GX

�
xn, hp

�
= Re

�
Z⇤
X(xn)Zp(m✓)

�

<latexit sha1_base64="hHKZodBdLiBWxrkzm03efr8o2mU="></latexit>

ZX : x 7! eiHX(x) and Zp : ! 7!= eih!,pi
<latexit sha1_base64="7Sc2cMPBVXqNRrh6Lq+DW6kA1WA="></latexit>
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<latexit sha1_base64="i9pZdARZLS9gw1i1ASXPhY9VzyI="></latexit>

hp = msp

<latexit sha1_base64="518wr4dZDIPMcDWPYbTokIBG7mk="></latexit>

ZX(x) uniformly distributed on the unit circle (Hypothesis)

<latexit sha1_base64="Y9LBA12jv/bCItKJWYuMuc5LXqc="></latexit>

Gmax
X (x) = gmax(ZX(x))

<latexit sha1_base64="y2m3eu1NzGu8GS/IH6nDOtW7Eac="></latexit>

gmax : z 7! max
kpk1q
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z⇤Zp
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Reformulation of the problem on the unit circle 
<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>

S1 ⇢ C
<latexit sha1_base64="fHgufySXgiszKOdwcrfISA8bfWw="></latexit>

[z, z0]S1 ⇢ S1 arc on the unit circle going from z to z’

<latexit sha1_base64="hX/OuwynPpxQt4IIA6c8Ij4Mk3w="></latexit>

GX

�
xn, hp

�
= Re

�
Z⇤
X(xn)Zp(m✓)

�

<latexit sha1_base64="hHKZodBdLiBWxrkzm03efr8o2mU="></latexit>

ZX : x 7! eiHX(x) and Zp : ! 7!= eih!,pi
<latexit sha1_base64="7Sc2cMPBVXqNRrh6Lq+DW6kA1WA="></latexit>

⌫ = ✓/s

<latexit sha1_base64="i9pZdARZLS9gw1i1ASXPhY9VzyI="></latexit>

hp = msp

<latexit sha1_base64="518wr4dZDIPMcDWPYbTokIBG7mk="></latexit>

ZX(x) uniformly distributed on the unit circle (Hypothesis)

<latexit sha1_base64="Y9LBA12jv/bCItKJWYuMuc5LXqc="></latexit>

Gmax
X (x) = gmax(ZX(x))

<latexit sha1_base64="y2m3eu1NzGu8GS/IH6nDOtW7Eac="></latexit>

gmax : z 7! max
kpk1q

Re
�
z⇤Zp

�

The p-th moment is given by
<latexit sha1_base64="zmFqM6CMSQmhdyqvL15YG6uGGgc="></latexit>

E [Gmax
X (x)p] =

1

2⇡

Z

S1
gmax(z)

p d#(z) =
1

2⇡

nq�1X

i=0

Z

A(q)
i

gmax(z)
p d#(z).
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<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>

S1 ⇢ C
<latexit sha1_base64="fHgufySXgiszKOdwcrfISA8bfWw="></latexit>

[z, z0]S1 ⇢ S1 arc on the unit circle going from z to z’

<latexit sha1_base64="hX/OuwynPpxQt4IIA6c8Ij4Mk3w="></latexit>

GX

�
xn, hp

�
= Re

�
Z⇤
X(xn)Zp(m✓)

�

<latexit sha1_base64="hHKZodBdLiBWxrkzm03efr8o2mU="></latexit>

ZX : x 7! eiHX(x) and Zp : ! 7!= eih!,pi
<latexit sha1_base64="7Sc2cMPBVXqNRrh6Lq+DW6kA1WA="></latexit>

⌫ = ✓/s

<latexit sha1_base64="i9pZdARZLS9gw1i1ASXPhY9VzyI="></latexit>

hp = msp

<latexit sha1_base64="518wr4dZDIPMcDWPYbTokIBG7mk="></latexit>

ZX(x) uniformly distributed on the unit circle (Hypothesis)

<latexit sha1_base64="Y9LBA12jv/bCItKJWYuMuc5LXqc="></latexit>

Gmax
X (x) = gmax(ZX(x))

<latexit sha1_base64="y2m3eu1NzGu8GS/IH6nDOtW7Eac="></latexit>

gmax : z 7! max
kpk1q

Re
�
z⇤Zp

�

The p-th moment is given by
<latexit sha1_base64="zmFqM6CMSQmhdyqvL15YG6uGGgc="></latexit>

E [Gmax
X (x)p] =

1

2⇡

Z

S1
gmax(z)

p d#(z) =
1

2⇡

nq�1X

i=0

Z

A(q)
i

gmax(z)
p d#(z).

<latexit sha1_base64="JTDXazxGHOJduhuPzHAf4/OcZ7s="></latexit>

8z 2 A(q)
i , gmax(z) = max

⇣
Re

�
z⇤Z(q)

i

�
, Re

�
z⇤Z(q)

i+1

�⌘
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gmax : z 7! max
kpk1q

Re
�
z⇤Zp

�
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S1 ⇢ C
<latexit sha1_base64="JTDXazxGHOJduhuPzHAf4/OcZ7s="></latexit>

8z 2 A(q)
i , gmax(z) = max

⇣
Re

�
z⇤Z(q)

i

�
, Re

�
z⇤Z(q)

i+1

�⌘
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Reformulation of the problem on the unit circle 
<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>

S1 ⇢ C
<latexit sha1_base64="JTDXazxGHOJduhuPzHAf4/OcZ7s="></latexit>

8z 2 A(q)
i , gmax(z) = max

⇣
Re

�
z⇤Z(q)

i

�
, Re

�
z⇤Z(q)

i+1

�⌘

<latexit sha1_base64="Md8xsrl7RoKbimG9QC4AdCPG0ao="></latexit>

8z 2 A
(q)
i , gmax(z) = Re

�
z⇤Z(q)

i

�
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Reformulation of the problem on the unit circle 
<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>

S1 ⇢ C
<latexit sha1_base64="JTDXazxGHOJduhuPzHAf4/OcZ7s="></latexit>

8z 2 A(q)
i , gmax(z) = max

⇣
Re

�
z⇤Z(q)

i

�
, Re

�
z⇤Z(q)

i+1

�⌘

<latexit sha1_base64="Md8xsrl7RoKbimG9QC4AdCPG0ao="></latexit>

8z 2 A
(q)
i , gmax(z) = Re

�
z⇤Z(q)

i

�

<latexit sha1_base64="jPWLdqS8K5ManNRysJWqcqUYY2Y="></latexit>Z

A(q)
i

gmax(z)
p d#(z) = 2

Z

A
(q)
i

Re
�
z
⇤
Z

(q)
i

�p
d#(z)

= 2

Z
H

(q)
i

H
(q)
i

cosp
�
⌘ �H

(q)
i

�
d⌘

= 2

Z
�H

(q)
i /2

0
cosp ⌘0 d⌘0
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Reformulation of the problem on the unit circle 
<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>

S1 ⇢ C
<latexit sha1_base64="JTDXazxGHOJduhuPzHAf4/OcZ7s="></latexit>

8z 2 A(q)
i , gmax(z) = max

⇣
Re

�
z⇤Z(q)

i

�
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�
z⇤Z(q)

i+1

�⌘

<latexit sha1_base64="Md8xsrl7RoKbimG9QC4AdCPG0ao="></latexit>

8z 2 A
(q)
i , gmax(z) = Re

�
z⇤Z(q)

i

�

<latexit sha1_base64="JNSZ+aaSyfU/y6+UELrSbkuOIJc="></latexit>

z  ei⌘

<latexit sha1_base64="jPWLdqS8K5ManNRysJWqcqUYY2Y="></latexit>Z

A(q)
i

gmax(z)
p d#(z) = 2

Z

A
(q)
i

Re
�
z
⇤
Z

(q)
i

�p
d#(z)

= 2

Z
H

(q)
i

H
(q)
i

cosp
�
⌘ �H

(q)
i

�
d⌘

= 2

Z
�H

(q)
i /2

0
cosp ⌘0 d⌘0
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Reformulation of the problem on the unit circle 
<latexit sha1_base64="yt0raXYCDPF5fAZpC/70GIT2jn0="></latexit>

S1 ⇢ C
<latexit sha1_base64="JTDXazxGHOJduhuPzHAf4/OcZ7s="></latexit>
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i , gmax(z) = max

⇣
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z⇤Z(q)

i

�
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�
z⇤Z(q)

i+1

�⌘
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�
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z  ei⌘

<latexit sha1_base64="+im40+BYwID7GaoVkJqAJbeJRdI="></latexit>

H
(q)
i :=

�
H

(q)
i +H

(q)
i+1

�
/2

<latexit sha1_base64="jPWLdqS8K5ManNRysJWqcqUYY2Y="></latexit>Z
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p d#(z) = 2

Z

A
(q)
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�
z
⇤
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(q)
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Z
H

(q)
i

H
(q)
i
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�
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�
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A set of Gabor-like filters tiling the entire frequency plane and a 
unique bandwidth share across all filters

Dataset: ImageNet-1K, validation set (50 000 images)

Proposed solution:

The dual-tree complex wavelet packet transform (DT-CWPT)

I. Bayram and I. W. Selesnick, “On the Dual-Tree Complex Wavelet Packet and M-Band Transforms,” IEEE TSP, 2008.

The bandwidth and subsampling are controlled by the depth J
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          operator can serve as a stable proxy for        
enabling to improve shift invariance in CNNs architecture 
while preserving high-frequency information.

ℂ𝐌𝐨𝐝 ℝ𝐌𝐚𝐱
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