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Basic concepts in Graph Theory

Definition of a Graph
A graph G = (V, &) consists of two finite sets:

@ )V — the vertex set of a graph is a nonempty set of elements called
vertices or nodes.

o £ — the edge set of a graph is a possibly empty set of elements
called edges or links.

Conceptually a graph is formed by vertices and edges connecting them.

@ |V|= nis the number of vertices known as order of a graph

@ |£|= m is the number of edges known as size of a graph

A weighted graph G = (V, £, w) has in addition a weight function
w : £ — RT which assign a positive value to each edge.
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The adjacency matrix A = (a;)1<ij<n
e 1 if(ij)eé€
=) 0 otherwise.
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V=1{1,2,34,5}, [V|=5
&= {}
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The adjacency matrix A = (a;)1<ij<n

0 otherwise.

auz{ 1 if(ij)e€

O 66 6 0O

e (1 I 1 0 0
O o 0 0 0

A=@]| 0 0 0 0

Ol o 0 0 0

>e @\ o 0 0 0

V=1{1,2,34,5}, [V|=5

&€= 1{(1,2)}
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The adjacency matrix A = (a;)1<ij<n

N
?

V=1{1,23,4,5}, [V|=5
€= {(1,2):(2,3)}

a,-j—

Kévin Polisano

_{ 1 if(i,j)eé€

0 otherwise.
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The adjacency matrix A = (a;)1<ij<n

e 9 1 if(i,j)eé&
Y7 ) 0 otherwise.

o o O 6 6 0 6
(1 J0 1 0 0 0

O o 0 1 0 0

A=@]| o 0 0 1 0

0| o 0 0 0 0

G )e 6\ o 0 0 0 0

V={1,2,3,4,5}, [V|=5
&= {(1,2);(2,3):(3,4)}
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The adjacency matrix A = (a;)1<ij<n

e 0 1 if(i,j)eé&
Y7 ) 0 otherwise.

o o O 6 6 0 6
(1 J0 1 0 0 0

®| o 0 1 0 0

A=@]| o 0 0 1 0

0| 0 0 0 0

‘i )e’ 6\ o 0 0 0 0

V=1{1,2,3,4,5}, [V|=5
= {(1,2):(2,3):(3,4); (4,1)}
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The adjacency matrix A = (a;)1<ij<n

al_j:{ 1 if(ij)e€

0 otherwise.

, ®© ©6 © 0 06
°‘ S (1 I 1 0 0 0
O o 0 1 0 0

A=@]| o0 0 0 1 1

(4 A 0 0 0 0

é >e ®@lo o o o o

V=1{1,2,3,4,5}, [V|=5
€= {(1,2):(2,3):(3,4): (4,1):(3,5)}
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The adjacency matrix A = (a;)1<ij<n

al_j:{ 1 if(ij)e€

0 otherwise.

‘ ®© ©6 © 0 06
‘ S @@/ o 1 0o 0 o0
®|lo o 1 0o o0
A=@|0 o o 1 1

®|1 o o o0 o0

é >e ®@lo o o 1 o

V=1{1,2,3,4,5}, [V|=5
€= {(1,2):(2,3):(3,4); (4,1): (3,5); (5, 4)}
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The adjacency matrix A = (a;)1<ij<n

%:{1ﬁ0w65

0 otherwise.

‘ ®© ©6 © 0 06
‘ S (1 I 1 0 0 0
O o 0 1 0 0

A=@]| o0 0 0 1 1

(4 A 0 0 0 0

‘i >¢’ ®@\lo o o 1 1

V=1{1,2,3,4,5}, [V|=5
&= {(1,2);(2,3):(3,4); (4,1):(3,5): (5,4); (5,5)}
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The adjacency matrix A = (a;)1<ij<n

al_j:{ 1 if(ij)e€

0 otherwise.

‘ ®© ©6 © 0 06
‘ S @@/ o 1 0o 0 o0
®|lo o 1 0o o0
A=@|0 o o 1 1

®|1 o o o0 o0

é >e ®@lo o o 1 o

V=1{1,2,3,4,5}, [V|=5
€= {(1,2):(2,3):(3,4); (4,1): (3,5); (5, 4)}
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The adjacency matrix A = (a;)1<ij<n

1 if(i,j)eé&
0 otherwise.

N N

® 6 0 o6
(1) 1 0 1 0
(2] 0 1 0 0
(3) 1 0 1 1
(4] 0 1 0 1
(5

(@)

0 1 1 0

A «— A+ A" (directed — undirected)
V=1{1,2,34,5}, [V|=5

E={(1,2);(2,1);(2,3);(3,2):(3,4): (4,3); (4,1); (1,4); (3,5): (5,3); (5,4); (4,5)}
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The adjacency matrix A = (a;)1<ij<n

L1 iftigree
U ) 0 otherwise.

O 6 6 0 0

(1 I 1 0 1 0
(2] 0 1 0 0
A=0 0 1 1
(4] 0 1
(5] 0

V=1{1,2,3,4,5}, [V|=5
€= {{1,2};{2,3};{3,4}: {4,1}:{3,5}; {4,5}}, [€]=6
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The weighted adjacency matrix W = (wj;)1<;j<n

e =7l
§ - RIS e e
1 1
oo ©e oo
0 1 0 1

(1

(2] 0 1 0
1 L w=@ 0 1

(4] 0

(5

o0

V=1{1,2,3,4,5}, [V|=5
€= {{1,2};{2,3};{3,4}: {4,1}:{3,5}; {4,5}}, [€]=6
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The weighted adjacency matrix W = (wj;)1<;j<n

) ow(e) ife={ij}€€
A Wi = Wi = { 0 otherwise.

11
@/1\9 O 66 6 0
@0 (o5 o 1
®| o 1 o0
1 L w=@ 0o 1
(4] 0
0 =@ ©°

V=1{1,2,3,4,5}, [V|=5
€= {{1,2};{2,3};{3,4}: {4,1}:{3,5}; {4,5}}, [€]=6
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The weighted adjacency matrix W = (wj;)1<;j<n

e={i
A Wi = Wi = { W(e()) I(ftherw?sé{} =
1 1
o o ,°°°
0 1
0

(1) 0

@ 0.7] 0
: 7] w- @ 0 1

(4] 0
0 =0 °

V=1{1,2,3,4,5}, [V|=5
€= {{1,2};{2,3};{3,4}: {4,1}:{3,5}; {4,5}}, [€]=6
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The weighted adjacency matrix W = (wj;)1<;j<n

) ow(e) ife={ij}€€
A Wi = Wi = { 0 otherwise.

1 1
°/ 5] \e o 6 6 O
= (1 J0 0 1
@ 0 0
1 7] w- @ 0
(4] 0

0 =0 ©°

V=1{1,2,3,4,5}, [V|=5
€= {{1,2};{2,3};{3,4}: {4,1}:{3,5}; {4,5}}, [€]=6
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The weighted adjacency matrix W = (wj;)1<;j<n

) ow(e) ife={ij}€€
A Wi = Wi = { 0 otherwise.

1 1
°/ ] \e O 6 6 0 o6
— (1 I 0 0
@ 0 0 0
[0.3] 7] w- @ 0 1
(4] 0 1
0 =0 ° :

V=1{1,2,3,4,5}, [V|=5
€= {{1,2};{2,3};{3,4}: {4,1}:{3,5}; {4,5}}, [€]=6
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The weighted adjacency matrix W = (wj;)1<;j<n

o w(e) ife={ijte€
5 Wij = Wji = { 0 otherwise.
; O 6 6 O
oo 0
@ 0 0
[03] 7] w= @ 0
e 0
0O =0 °

V=1{1,2,3,4,5}, [V|=5
€= {{1,2};{2,3};{3,4}: {4,1}:{3,5}; {4,5}}, [€]=6
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The weighted adjacency matrix W = (wj;)1<;j<n

w(e) ife={ij} €&
0 otherwise.

® 6 O
0
0 0
0

0

oEEoo@

V=1{1,2,34,5}, [V|=5

€= {{1,2};{2,3};{3,4}:{4,1}:{3,5}; {4,5}}, [€|=6
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The weighted degree matrix D =

o

0.5 4.5

2
[

°

G 0.5

O
I

j=1
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0 0.3
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0 2
2 0
4.5 0.5
© O
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dy
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0.5




The weighted degree matrix D = (djj)1<ij<n

O 86 6 0 0

@ efs o s

0.5 45 ®|05 0 07 0 0
°/ 5 \e W=@| 0 07 0 2 45
O(o3 o 2 0 05

@\o 0 45 05 0

ds

5 o
d
0.5 a 2
(4
(5 )
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The weighted degree matrix D = (djj)1<ij<n
O 6 6 0 06
/e\ @0 o5 o0 03 0
0.5 45 (2 0 0 0
o— @ " ©° o 2>
O|(o3 o 2 0 05
Q\o 0 45 05 0
0.3 [0.7]
O 6 6 0 06
@ /08
o =0, 8
D= 9 ds
- d
dl - dél = WiiOj e 4
y y jz; ey e d5
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(du)1</,1<n
O 0 6
0 0.5 0
0.5 0.7
0
0.3 2
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(4 I 5 )
0.3 0
0 0
0 0.5
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O 6 6 0 06
@/0o o5 0 03 0
®|(o5 0o 07 o0 0
W=@| 0 07 0 2 45
O|o03 o 2 0 05
®@\o o 0
0.3 0.7
O 6 6 0 06
@ /08
o——0 ,8 =~
D=© 7.2
a 2.8
dj = diyj =) _ widj g
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The weighted degree matrix D = (djj)1<ij<n

o 0
ﬁ\ oo o5
0.5 45 @05 o0
o "o "
O|o3 0
Q\o 0
0.3 0.7

O 0

0.8

0

j=1

w)
Il
O000QC
=
N
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The unweighted degree matrix D = (djj)1<ij<
O 6 6 0 06
0 1 0 1 0
1 1 0
0 1
1
1

(1)
1 1 ©) 0 0
o——9 " 9" !
0| 0 0 1
@\o 0 1 0
1 1
O 6 6 0 06
(1 W)
o —©,°8 -
D:e 3
é . o 3
di=>Y ay=4{j:{i,j} €&}
j=1 @ 2
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Graph signals

Definition
A graph signal is a mapping f : V — R that associates a value f(v) to
each node v € V of a graph G = (V, &, w).

The function f can be represented as a vector
f=[f(v),...,f(vy)] €R"

where n = |V| is the number of nodes in the graph.
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Hilbert space of functions on vertices

» Let H (V) denote the Hilbert space of real-valued functions on the
nodes of a weighted graph G = (V, &, w).

By analogy with functional analysis on continuous spaces, the integral of
a function f € H(V) over the set of nodes V is defined as:

/ F=3 f(v
The space H(V) is endowed with the inner product:

= f(viglv), f.geHn()

vey

» Similarly, let 7 (&) be the space of real-valued functions defined on
the edges of a weighted graph G. It is endowed with the inner product:

ZZFUV (u,v), F,GeH(E)

uey v~u
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Difference operator

e The difference operator, noted d : H(V) — H(E), applied to a
function f € H(V) gives a function df € H(&) defined on edges
e=(u,v) € € by:

(df)(e) = \Jw(e)(f(v) — f(u))
e The directional derivative (or edge derivative) of f at a node
v € V along an edge e = (u, v) is defined as:

of

e = o, f(u) = (df)(u, v)

u

= This is consistent with the continuous definition of the derivative:

o O,f(u) =—=0,f(v)
o 9,f(v) =0
o f(u)="F(v) = 0,f(u)=0
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Adjoint of the difference operator
The adjoint of the difference operator, noted d* : H(£) — H(V) is a

linear operator defined by:

(df, G)yyey = (f, d" Gy
for any function f € H(V) and G € H(E).

The adjoint of the difference operator can be expressed as follows:

(d*G)(u) = Z \w(u, v)(G(v,u) — G(u,v))

ve~u
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Adjoint of the difference operator

Proof.

<dfa G>7~L(£) =

Y (d)u,

(u,v)EE

v)G(u,v)

= Y V(@ )((v) -

(u,v)EE

= Z Vw(u, v)f(v)G(

(u,v)e€

=33 Vwlv. u)f(u)6(

uev veu

=Y ()Y Vwlu v)(6(
= f(u)

(f,d"G)y
uey

Kévin Polisano

f(u))G(u,v)

- > Vw(u,v)f(u)6(

(u,v)e€

— ZZ v w(u, v)f(u)G(

ucv veu

- G(u,v))
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Divergence operator

The divergence operator is defined by —d* and measures the network
outflow of a function in #(&) at each node of the graph.

Proposition

Each function G € #(&) has a null divergence over the entire set of
nodes

> (d*G)(u) =0

uey

Proof. Given the previous expression, we have a sum of terms

w(v, u)(G(v,u) — G(u, v)) +/w(u, v)(G(u,v) — G(v,u)) =0

since w is symmetric. O
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Gradient operator

The weighted gradient operator of a function f € (V) at a node
u €V is the column vector of dimension d(u) (the degree of the node
u) defined by:

Vf(u) = (0,f(u) : v~ u)T =0, f(u),...,0,f(w)T, Y(uv)eE

@ The Ly norm of this vector represents the local variation of the
function f at node u of the graph:

IVwf(u)lla= [ (0f(u) > w( v) = f(u))?

v~~u ve~u

@ The local variation is a seminorm and can be viewed as a measure
of the regularity of a function around a node.
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Laplace operator

The weighted Laplace operator of a function f € H(V), noted
Ayt H(V) = H(V) is defined by:

of 1
A, fd_ffd* df) s ues S w(u, v)(F(u) - F(v))

v~u

Proof. Using the previous expressions of df and d*G:
AwF(u) = %(d*df)(u)

= 23 Vo (v, u) — di(u,v)

v~u

= S Wl ()~ F() ~ (F(v) ~ F()]

ve~u

= w( - f(v))

v~u

NB. Note that A, f(u) =13, ., 2 (%)
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Laplacian matrix
The Laplace operator A, f is also called the combinatorial Laplacian
matrix L, since one has the following link:

Proposition

A, f(u)=(Lf)[u] with L=D-W
Proof.

Awf(u)= > wluv)(f(u) - f(v))

(u,v)e€
= d(u)f(u) — Z w(u, v)f(v)
(u,v)ee
(DF)[u] — (WF)[u]
((D —W)f)[u]
def

= (LA)[u]
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The indicidence matrix of a graph
Let say by convention e; = (v;, vj) with i < j is oriented from v; to v;.
The incidence matrix v/,,} of a graph is the [V| x |€] (n x m)

—y/w(e) if v is the initial vertex of e = (v, ")

(Vw)ye = +vw(e) if visthe terminal vertex of e = (-, v)
0 otherwise

Then (\/wf)e = (df)(e) and the Laplacian matrix can be factorized as:
L=VuwV

Proof. Given u,v € V and e € £ it is easy to check that:
—w(u,v) ifu#vande=(u,v)
(vw)ue(vl)ev = w(u,s) ifu=vande=(us)
0 otherwise

By summing up over all edges of the graph the proposition follows

!The matrix v/, should not be confused with the gradient operator V.
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The Laplacian quadratic form

Proposition
The Laplacian quadratic form of a weighted graph G = (V, &, w) is
fILF = Z w(u, v)(f(v) — f(u))?

v~u

Proof. Since L = 7,/ it implies

(F,LF) = (F, 7w vnf) = (Vof, Vi) =D (Vaf)i = wlu,v)(f(u)—f(v))?

ec& u~v

@ This form measures the smoothness of the function f. This quantity is
small if the function f does not jump too much over any connected edges.

@ L is symmetric and positive semi-definite

@ L has n non-negative, real-valued eigenvalues 0 < A\ < Ao < -+ < A,
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Dirichlet energy

e The mapping f — 7] f is known as the co-boundary mapping of
the graph. It sends functions from space of vertices to edges.
@ The Dirichlet energy of a graph signal f is defined by:

E(F) = wlu,v)(f(u) = f(v))* = [V fl7ae)=FTLF

ur~v

@ To compute the gradient of the functional & one can look at:

d
| I+ )l
Since 77y, (f + tg) = Vwf + t Vw g and |7 h[*= (v h | v ih)
d
| IV + te)l= (Vg vif) = (& v Vi )

hence Lf = v7,, 7/ f is the gradient of & at the "point" f.
@ Functions that minimize the Dirichlet energy are the eigenvectors of
the Laplacian matrix L
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Spectrum of a graph

Let be an undirected graph, such that its Laplacian matrix is real
symmetric, thus diagonalizable in an orthonormal eigenbasis

L=UAUT,
where U = (uy]. .. |u,) € R™*" is the matrix of orthonormal eigenvectors
and A = diag(A1, ..., A,) whose eigenvalues give the graph spectrum

M < <A,

Evaluating the Laplacian quadratic from with f = u, and Lug = Agug:

Ak = uf Luy = > wiu(i) — uk(j))?

i~
such that eigenvectors associated to low eigenvalues tend to be smooth

with respect to any path in the network. In block-structured graphs, this
usually means quasi-constant within each block.
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Laplacian of a graph with one connected component

o Let denote the one vector 1, = [1,...,1]" and remark that
L1, =0, that is A; = 0 is the smallest eigenvalue.

@ Besides,
0O=u'Lu= E wii(u(i) — U(f))2
inj

so if any two vertices are connected by a path, then
u=J[u(l),...,u(n)]"

needs to be constant at all vertices such that the quadratic form
vanishes.

= A graph with one connected component has the constant vector
u; = 1, as the only eigenvector associated to eigenvalue 0.
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Laplacian of a graph with k connected components

@ The k connected components have their own associated Laplacian
Lx (with an eigenvalue 0 with multiplicity 1), such that the matrix
L can be written as a block diagonal matrix formed from the k
submatrices L.

@ The spectrum of L is the union of the spectra of the L, so the
eigenvalue A1 = 0 has multiplicity k

Fiedler vector
@ The first non-zero eigenvalue A\, 1 is called the Fiedler value
(whose multiplicity is always equal to 1) and represents the
algebraic connectivity of the graph. The greater value, the more
connected graph.

@ The corresponding eigenvector uy 1 is called the Fiedler vector
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Eigenvectors of a connected graph
u; = 1, and us is the Fiedler vector.
For any eigenvector uy = (ux(v1),. .., ux(va)) " with 2 < k < n
@ The eigenvectors form an orthonormal basis uZu/ =0y
o |uk(vi)l< 1

@ |ts mean is null

UZ].,, =0« Z Uk(V,') =0
i=1
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Manifold unfolding problem

Given a set of points in a high dimensional Euclidian space but along a
manifold x1,...,x, € M C R? we want to find another set of vectors
in a low-dimensional Euclidien space yi,...,y, € R¥ with kK < d and
such that y; "represents" x;.
© Build a neighborhood graph G = (V, &) from the given data
X1,...,X, € M C RY by connecting only "nearby" points:
e connecting a point to its k-nearest neighbors (kNN graph),
e connecting a point to all points closer than e (in some measure);
@ Associate a weight to each existing edge. In general, we want
that the closer a pair of points, the larger the weight on the
associated edge. A classical option is to use the Gaussian kernel to
define the similarity graph:

wij = w(vi,vj) = d(x;, x;) = exp(—o2|[x; — x;|3)

© Consider an embedding f : V — R¥ and denote by y; = f(i) € R¥
the coordinates of node i in the embedding space.
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Laplacian Eigenmaps on a line

Let consider the problem of mapping the graph to a line (1D dimension
reduction k = 1) in such a way close nodes will still be close on the line.

= Laplacian eigenmaps will preserve the local geometry.

Let f = [f(v1),...,f(va)] with f(v;) € R represent the 1D embedding
of the nodes. Then, we want to solve:

f* = argmin Z w;i(fi — £)? = argmin f ' Lf
feRn feRn

i~j

Interpretation:
o If wj is large (close to 1, meaning x; and x; are originally close)
then f; and f; must still be close.

o If wj; is small (close to 0, meaning x; and x; are originally very far)
then there is much flexibility in putting f; and f; on the line.
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Laplacian Eigenmaps on a line

@ To make the objective function scaling invariant in f (and also to
get rid of the trivial solution 0 and constant vector), we add
additional constraint leading to the Rayleight quotient:

fILf

f* = arg min i
f£0cR”
fT1,=0

@ The minimizer of this new problem is given by the second smallest
eigenvector of the Laplacian matrix L that is the Fiedler vector:

f*:UQ

and the minimum value of the Rayleight quotient is .
NB. u, is the normalized vector that minimizes local variation and that has
zero average. Similarly, usz is the normalized vector that minimizes local
variation and that is orthogonal both to u; and u,, etc.
Spectral clustering takes advantage of this property.
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