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Convolutional neural networks

Image classification: feature vectors are fed into a linear classifier
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Convolutional neural networks

Image classification: feature vectors are fed into a linear classifier

Desired property of CNN: to remain invariant to small translations
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Convolutional neural networks

Image classification: feature vectors are fed into a linear classifier
Desired property of CNN: to remain invariant to small translations

Are extracted features maps stable to translations?
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Are CNNs shift-invariant?
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Shift invariance
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Convolution & Max Pooling invariance ?
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Convolutional layers in CNN

Input Volume (+pad 1) (7x7x3) Filter WO (3x3x3) Filter W1 (3x3x3) Output Volume (3x3x2)
x[ 0] wO[:,:,0] wl[:,:,0] o[:,:,0]
0 0O 0 0 O -1"0 || -1 1 0 311 5
:“E e W Bl i =) T
0 |lo 25 128 N 10 -1 0 1 0 4 1
0 O 0N 108 [0 16 wl[z:,:,1] o[:,:,1]
0 1 50 [0 G B i Bl o
0 2 2 0 0 -1 1 -1 2 0 -3
0 0 0 -1 1 1 3 -1 5
- wl[:,:,2]
Pfo]0 0 s E AN
Tl v SR
0 0]0 0 i E
kN Bias bl (1x1x1)
O N0 NI N 0 O bl[:,:,0]
0 0 00O 0 0 0
0 0 O 0 O
$s2,2] toggle movement
ﬂ o}o o
CHPZE

©S O = O NlO
S O O = r—ll
\S]

S = O DN
O N = N O DNN\O
=21 @ @ @ @] @] =

=21 @ @ @
S N O O =



Convolutional layers in CNN

Input Volume (+pad 1) (7x7x3) Filter WO (3x3x3) Filter W1 (3x3x3) Output Volume (3x3x2)
x[ 0] wO[:,:,0] wl[:,:,0] o[:,:,0]
0 0O 0 0 O -1"0 || -1 1 0 311 5
:“E e W Bl i =) T
0 |lo 25 128 N 10 -1 0 1 0 4 1
0 O 0N 108 [0 16 wl[z:,:,1] o[:,:,1]
0 1 50 [0 G B i Bl o
0 2 2 0 0 -1 1 -1 2 0 -3
0 0 0 -1 1 1 3 -1 5
- wl[:,:,2]
Pfo]0 0 s E AN
Tl v SR
0 0]0 0 i E
kN Bias bl (1x1x1)
O N0 NI N 0 O bl[:,:,0]
0 0 00O 0 0 0
0 0 O 0 O
$s2,2] toggle movement
ﬂ o}o o
CHPZE

©S O = O NlO
S O O = r—ll
\S]

S = O DN
O N = N O DNN\O
=21 @ @ @ @] @] =

=21 @ @ @
S N O O =



Convolutions are shift-equivariant



Convolutions are shift-equivariant

Input signal



Convolutions are shift-equivariant

lei lei
e -

sk o] = I L II

"y l| ‘ 1™
1_

Band-pass
ooooo lution kernel

Input signal



Convolutions are shift-equivariant

lei lei
e -

11 11
* .|LI| — 0.|‘|I|

01— " || ‘ I"- —_— w g l| | I--_
1 —1

Band-pass
ooooo lution kernel

Input signal Output signal



Convolutions are shift-equivariant

lei lei
e -

11 11
* On.llll\l‘lll-- p— 01 nlllll‘l‘lll_-
1 1
Input signal Band-pass Output signal
ooooo lution kernel



Convolutions are shift-equivariant
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Convolutions are shift-equivariant
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Max pooling layers

224x224x64 Single depth slice
112x112x64 4
pool ; 1111 2]4
’ max pool with 2x2 filters
OEmoN 7/ | 8 and stride 2
l 4 3 | 2 i
4

1| 2
224 X : ='|12
<=, downsampling
112 o

224 y



https://cs231n.github.io/convolutional-networks/

Convolutions are followed by a max pooling
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Max pooling builds up shift-invariance
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Max pooling builds up shift-invariance
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Invariance studies in CNN

The scattering transform builds shift-invariant feature vectors:
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General deep convolutional neural networks also
become more translation invariant with increasing
network depth (proved in the continuous framework).

J. Bruna and S. Mallat, “Invariant scattering convolution networks,” IEEE Trans. Pattern Anal. Mach. Intell., vol. 35, no. 8§,

pp. 1872-1886, 201 3.
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General deep convolutional neural networks also
become more translation invariant with increasing

network depth (proved in the continuous framework).
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Invariance studies in CNN

These results do not fully extend to the discrete framework
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These results do not fully extend to the discrete framework

Strided convolution and pooling operators may greatly diverge
from shift invariance, due to aliasing when subsampling high-
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Invariance studies in CNN

These results do not fully extend to the discrete framework

Strided convolution and pooling operators may greatly diverge
from shift invariance, due to aliasing when subsampling high-
frequency signals
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Invariance studies in CNN

These results do not fully extend to the discrete framework

Strided convolution and pooling operators may greatly diverge
from shift invariance, due to aliasing when subsampling high-
frequency signals

R. Zhang, Making Convolutional Networks Shift-Invariant Again, in International Conference on Machine
Learning, 2019.

A. Azulay and Y. Weiss, Why do deep convolutional networks generalize so poorly to small image transformations?,
Journal of Machine Learning Research, 2019.
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Aliasing breaks shift-invariance
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lasing breaks shift-invariance
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The effect of the max pooling operator on network stability
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Blind spots in the shift-invariance studies

The effect of the max pooling operator on network stability
under small input shifts has not been investigated, particularly
when used in combination with Gabor-like convolutions.

In the discrete case, the presence of subsampled convolutions with
oriented band-pass filters can lead to aliasing artifacts. To our

knowledge, the literature lacks theoretical studies that take
these aliasing effects into account.

Although extensive studies have been conducted on complex-valued

convolutions followed by modulus, a link is missing to extend these
results to standard CNNs, which implement real-valued

convolutions and spatial pooling operators.
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Focus on the first layer
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Subsampled convolutions, a real problem!
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Subsampled convolutions, a real problem!
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Subsampled convolutions, a real problem!
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Complex-valued convolutions at rescue
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Complex-valued convolutions at rescue
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ot 2, (R - T outpu
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‘ Increased subsampling factor
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0 * ~1 Real part \l/ 4 ' Modulus 0 | I
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Two operators to compare

W
4+
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\\ X V ymex

As in standard CNNs

Output

e
v
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CMod Input — CConv l2m — Modulus — Output

Ymod
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Roadmap

Show that, under the Gabor hypothesis, CMod is stable with
respect to small input shifts

Establish conditions on the filter’s frequency and orientation
under which and CMod produce comparable outputs:

Upig IW(X) ~ Ug* [W](X)

Deduce a measure of shift invariance for “operator,
which benefits from the stability of CMod

Extend our results to multichannel operators (RGB images),
such as implemented in conventional CNN architectures

Experimental validation on a deterministic setting based on the
dual-tree complex wavelet packet transform (DT-CWPT)
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Detour via the continuous framework

Using the Shannon-Whittaker sampling theorem

(X *

Y™M¥[pn] = m' iSF * Re(¥))(2msn + msp)

Max pooling grid of size
Rg+1)x2qg+1)

Uniform

Re(W) ) Im — Y  sampling

3ms

Re(V)

RMax

Maximum
evaluated on a
discrete grid
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Detour via the continuous framework

Using the Shannon-Whittaker sampling theorem

Y"*¥[n] = max (F *Re(¥))(2msn +@sp) RMax

1Pl <q

Browsing the max pooling
grid

Uniform

sampling Y
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From high to low-frequency

V(v, e) := {SP c L& (R?) ‘ supp ¥ C B (v, 5/2)} .

o . v eVv,e) ~
Fo:x— (Fx W) (x)e!¥® = supply C Bo(g/2)

=0 q 0 _
= V)= 0
—1 | ‘ —l |

| 74

—2 0 2 —2 0 2
25| 125

Shift-invariance bound for low-frequency functions:

IThEo — FollL2 < afeh)|[Fol| >
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Shift-invariance of CMod in the discrete framework

WEJ(O,/{)
k< m/m

Fy:x— (Fx *Uw)(x) 95 ®) mmp Fy € V(0,27/5)

2 1
3 ‘ThFO(s’n) - Fo(s'm)| = =5 1T Fo — Foll} S = 2ms
nez>?
|Um> X, = \FoHLz

Theorem (Shift invariance of CMod)
It We J(0, k) and k < w/m
then for any input image with finite support X € Iz (Z°)

|05 (TuX) = U X, < alru) [[URX],
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Adaptation to the discrete case

3ms

X, +
O
O

(FxRe(¥))(zn+ hp) =~ [(F*x¥)(xn)] cos
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h is now indexed
by p S I]_ q, q]] g
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Ymax[n] Maximum value
overadiscrete gid G (@y,) < 1
(¢ = 1 in general)
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¢ < 2m/(mr) = Up™Xn]= Uzrr;;de[n] || rﬂla}i G'x (wn, hp),
Pl <q

Not necessarily
reaches 1

q < 2m/(mK) = ||UsedX — UR*X||, = ||0m, o X,

Om. ¢ X[n] := UMX [n] (1 — max Gx(xn, hp)) By Kk = qr'.

1P|l oo <q

Theorem (Bound on the difference of CMod and /“Max)
If ~ <m/m and under another reasonable hypothesis
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Need for a probabilistic framework where X (resp. F) is seen as a
discrete (resp. continuous) stochastic process on Z* (resp. R?)

Quantity of interest: E [(1 — GmaX(mn))z}

with G"™(x,) = max cos((u, h,) — H(wn))
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Pathological frequencies

A\
®

% =

Need for a probabilistic framework where X (resp. F) is seen as a
discrete (resp. continuous) stochastic process on Z* (resp. R?)

Hypothesis: uniformly

Quantity of interest: E [(1 — Gmax(a:n))z} distributed

/
with G"™(x,) = Hﬁigl cos((u, hy) —@)

65



Main result

MSE between CMod and #Max output

X

%

Ymax

CConv l 2m

Modulus

1.0

0.8

0.6

0.4

0.2

0.0

66



Main result

MSE between CMod and #Max output

X

Upper bound under
hypothesis G™** =

< + 7,(m8))*

%

MaxPool l 2

max mo 2
E[HY i
Y]

CConv l 2m

Modulus

Ymax

1.0

0.8

0.6

0.4

0.2

0.0



Main result

MSE between CMod and #Max output

X

%

MaxPool l 2

Ymax

CConv l 2m

Modulus

(ﬁq(mlﬁ)) -+ ?

Discrete nature of the
max pooling grid

1.0

0.8

0.6

0.4

0.2

0.0

66



Main result

MSE between CMod and #Max output

X

%

MaxPool l 2

Ymax

CConv l 2m

Modulus

(ﬁq(m/ﬁ:) -+ ?

Discrete nature of the
max pooling grid

1.0

0.8

0.6

0.4

0.2

0.0

66



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2/l € S" arc on the unit circle going from z to z

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2/l € S" arc on the unit circle going from z to z

’LHx(aZ)

X 1T e and Zp i w = ol{w, P)

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2/l € S" arc on the unit circle going from z to z

Zx 1 @x+—> et Hx (@)

8 Gx(@n, hp) = Re(Z(wn) Zp(m))

and Lp ' W= et (@, P)

—  cos((v, hy) — H(x,))

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

Zx 1 @x+—> et Hx (@)

8 Gx(@n, hp) = Re(Z(wn) Zp(m))

and Lp ' W= et (@, P)

—  cos((v, hy) — H(x,))

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

Zx 1 @x+—> et Hx (@)

8 Gx(@n, hp) = Re(Z(wn) Zp(m))

and Lp W= et{w, p) v=2~0]s

—  cos((v, hy) — H(x,))

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C
2, 2']q1 C S arc on the unit circle going from z to Z’ h, = msp
Zx : x> e Hx(@) and Zp: w = !\ P) v=20/s

B Gx(Zn, hp) = Re(Z5(xn) Zp(mB))  ==p  cos((v, hy) — H(zn))

= Sort {Zp(w)}pé{—q.-q}2 — (Z’i(Q)(w))iG{O--nq—l} ng == (2 + 1)?

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

’I,Hx(a})

X 1T e and Zp: w = !\ P) v=20/s

B Gx(Zn, hp) = Re(Z5(xn) Zp(mB))  ==p  cos((v, hy) — H(zn))

= Sort {Zp(w)}pé{—q.-q}2 — (Z’i(Q)(w))iG{O--nq—l} ng == (2 + 1)?

iIn ascending order of their argument:

0=H§"(w) < < HYW | (w) < 2r

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

’I,Hx(ic)

X 1T e and Zp: w = !\ P) v=20/s

. Cx(n, hp) = Re(Zi(@n) Zp(m0)) = co((v, ) — H(n)
= Sort {ZP(("J)}pE{—q..q}2 m— (Z’i(Q)(w))iG{O..nq—l}

Ng -= (29 + 1)2
iIn ascending order of their argument: (@) (W) :=2r
)= H(()Q)(QJ) < ... < H,,gi)_l(W) < 27 Z?gq)(w) —1

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

’I,Hx(ic)

X 1T e and Zp: w = !\ P) v=20/s

. Cx(n, hp) = Re(Zi(@n) Zp(m0)) = co((v, ) — H(n)
= Sort {ZP(("J)}pE{—q..q}2 m— (Z’i(Q)(w))iE{O..nq—l}

Ng -= (29 + 1)2
iIn ascending order of their argument: (@) (W) :=2r
)= H(SQ)(QJ) < ... < H,,gi)_l(W) < 27 Z?gq)(w) —1

® Split S'into "¢ arcs delimited by the Z,L-(Q)(w)

(| 7(q) (9) e 17(9) (9) .
Ql,EQ)(w) Ny {Zz'q (W), Z¢i1(w)}81 if H;\(w) — H;" (w) < 2r;

St otherwise.

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

’I,Hx(ic)

X 1T e and Zp: w = !\ P) v=20/s

. Cx(n, hp) = Re(Zi(@n) Zp(m0)) = co((v, ) — H(n)
= Sort {ZP(("J)}pE{—q..q}2 m— (Z’i(Q)(w))iE{O..nq—l}

ng = (2 +1)°
iIn ascending order of their argument: Hﬁff} (W) :=2r
0=H"(w) < <HY (w)<2n 709 (w) =1
® Split S'into "¢ arcs delimited by the Z,L-(Q)(w) 5H§q) (w)

(| ~(q) (q) - (q) (q) .
W) { [27@) 28 @) it H @) = B @) < 2n

St otherwise.

67



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

Zx 1 @x+—> et Hx (@)

8 Gx(@n, hp) = Re(Z(wn) Zp(m))

and Lp W= et{w, p) v=2~0]s

—  cos((v, hy) — H(x,))

68



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

Zx : x> e Hx(@) and Zp: w = !\ P) v=20/s

B Gx(Zn, hp) = Re(Z5(xn) Zp(mB))  ==p  cos((v, hy) — H(zn))

B GE™(2) = gmax(Zx(2)) == Gmax 121> max Re(2"Zp)

68



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

’I,Hx(a})

X 1T e and Zp: w = !\ P) v=20/s

B Gx(Tn, hp) = Re(Z%(Tn) Zp(mB))  wep  cos((v, hp) — H(xy,))
- G§ax(w) — gmaX(ZX(w)) m—p Jmax 77 ||;|I|12};qRe(Z*Zp)

B 7x(x) uniformly distributed on the unit circle (Hypothesis)

68



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

’I,Hx(ic)

X 1T e and Zp: w = !\ P) v=20/s

m Gx (:cn, hp) = Re(Zg'z(mn) Zp(mH)) — COS(<I/, h,) — H(a:n))
B GR¥(x) = gmax(Zx (1)) wep Gmax © 2 max Re(z*Zp)

1P|l o <q

B 7x(x) uniformly distributed on the unit circle (Hypothesis)

B The p-th moment is given by

ng—1

max 1
BIGR™ (@)= g7 [ omos( 402) = 5 3 [ g (2" 402,

68



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

2, 2']s1 €' S' arc on the unit circle going from z to z’ h, = msp

’I,Hx(ic)

X 1T e and Zp: w = !\ P) v=20/s

B Gx(Zn, hp) = Re(Z5(xn) Zp(mB))  ==p  cos((v, hy) — H(zn))

B GE™(2) = gmax(Zx(2)) == Gmax 121> max Re(2"Zp)

B 7x(x) uniformly distributed on the unit circle (Hypothesis)

B The p-th moment is given by

ng—1

1 1
_— — P — D
9 /Sl gmaX(Z) dﬁ(Z) o ; /Q(EQ) gmax(z) dﬁ(z)

m VzcE le(-q), Jmax(2) = max (Re(z*Zi(Q)), Re(z*Zi(i)l))

E[GX™ (x)"]

68



Sketch of the proof

Omax - 2 > max Re(z*Zp)
1Pl o0 <q

(a) General case

(b) Pathological case

69



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

B Vz € QLEQ), Omax (%) = max (Re(z*Zz-(Q)), Re(Z*Zi(j-)1))

70



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

B Vz € QLEQ), Omax (%) = max (Re(z*ZZ-(Q)), Re(Z*Zi(j-)1))

] \V/Z - ﬁgq), gmaX(Z) — Re(Z*Z’L(Q))

70



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

B Vz € QLEQ), Omax (%) = max (Re(z*ZZ-(Q))a Re(Z*Zq;(j-)1))

] \V/Z - ﬁgq), gmaX(Z) — Re(Z*Z’L(Q))

/ Gmax (2)? d¥(2) = 2 / Re(z*Z'%)" dv(z)
Q[EQ) ﬁgq)

70



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

B Vz € QLEQ), Omax (%) = max (Re(z*ZZ-(Q))a Re(Z*Zq;(j-)1))

] \V/Z - ﬁgq), gmaX(Z) — Re(Z*Z’L(Q))

/ Gmax (2)? d¥(2) = 2 / Re(z*Z'%)" dv(z)
Q[EQ) ﬁgq)

2« el

70



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C

m VY QLEQ), Omax(2) = max (Re(z*Zi(Q)), Re(z*Zgqu)l))
] \V/Z - ﬁECI)’ gmaX(Z) — Re(Z*Z,L(Q))

/ Gmax (2)? d¥(2) = 2 / Re(z*Z'%)" dv(z)
Q[EQ) ﬁgq)

2« el

— 2 cos? (n — H.(Q)) dn Y = (HD + HD) /2

70



Sketch of the proof

Reformulation of the problem on the unit circle S' ¢ C
m Vzc ngq), Jmax(Zz) = max (Re(z*Zi(Q)), Re(z*Zi(i)l))

] \V/Z - ﬁgq), gmaX(Z) — Re(Z*Z’L(Q))

/ Gmax (2)? d¥(2) = 2 / Re(z*Z'%)" dv(z)
Q[EQ) ﬁgq)

2« el

— 2 cos? (n — H.(Q)) dn Y = (HD + HD) /2

(q)
/6Hz /2 / 77/%n_I{z(q)
0

70



Sketch of the proof



Sketch of the proof

ng—1

E[GX*(x)] = % Z sin

E [GR*™(x)?] = = + — Z sin 5H§q>,

71



Sketch of the proof

ng—1

1 5H ¥
E [Gmax _ : i
o) = 5 o ™
11 e
max 27 _ T . (Q)
E |GX™(x)?| = 5 + ym Z sin 0H ;™.

QX =1 — G§ax

71



Sketch of the proof

ng—1
1" SH (D)
E Gmax _ )
R R
max 27 . (q)
E[GX (33) ]—§—|—E ZSIH&Hi .

QX =1 — G§ax

By linearity of the expected value

ng—1
E [Qx(w)Q] = S + L (sin SHD

71



Main result

MSE between CMod and #Max output

Conv | m

MaxPool l 2

[
s

max
Yl

max
Y2

1.0

0.8

0.6

0.4

0.2

0.0

72



Main result

MSE between CMod and #Max output

Shift with respect to a
vector u € R?

Z@EIN

(X1 J—

X9

N A

NS

Conv | m

MaxPool l 2

max
Yl

il

max
Y2

0 — ~,(mb)”

1.0

0.8

0.6

0.4

0.2

0.0



Main result

MSE between CMod and #Max output

Shift with respect to a
vector u € R?

Z@EIN

(X1 J—

N A

max
Yl

Conv | m

MaxPool l 2

max
Y2

E

Y™ = Y™,

e,

] < 2(5,(m#) + 7, (m6)) + a(su)

1.0

0.8

0.6

0.4

0.2

0.0



Main result

MSE between CMod and #Max output

Conv | m

MaxPool l 2

[
s

max
Yl

max
Y2

E

Y™ = Y™,

e,

] < 7(5,(m#) + 7, (m6)) + a(su)

Divergence RMax-CMod

1.0

0.8

0.6

0.4

0.2

0.0

72



Main result

MSE between CMod and #Max output

Conv | m

MaxPool l 2

[
s

max
Yl

max
Y2

E

Y™ = Y™,

e,

] < 2(8,(mk) + 7,(m8)) +

Shift invariance
of CMod (O(xu))

1.0

0.8

0.6

0.4

0.2

0.0

72



Experimental validation



Experimental validation

What we need:



Experimental validation

What we need:

B A fully deterministic model with predefined convolution kernels

73



Experimental validation

What we need:

B A fully deterministic model with predefined convolution kernels

B A set of Gabor-like filters tiling the entire frequency plane and a
unique bandwidth share across all filters

73



Experimental validation

What we need:

B A fully deterministic model with predefined convolution kernels

B A set of Gabor-like filters tiling the entire frequency plane and a
unique bandwidth share across all filters

B No prediction, only the first layers are implemented

73



Experimental validation

What we need:

B A fully deterministic model with predefined convolution kernels

B A set of Gabor-like filters tiling the entire frequency plane and a
unique bandwidth share across all filters

B No prediction, only the first layers are implemented

B Dataset: ImageNet-1K, validation set (50 000 images)

73



Experimental validation

What we need:

B A fully deterministic model with predefined convolution kernels

B A set of Gabor-like filters tiling the entire frequency plane and a
unique bandwidth share across all filters

B No prediction, only the first layers are implemented

B Dataset: ImageNet-1K, validation set (50 000 images)

Proposed solution:

73



Experimental validation

What we need:

B A fully deterministic model with predefined convolution kernels

B A set of Gabor-like filters tiling the entire frequency plane and a
unique bandwidth share across all filters

B No prediction, only the first layers are implemented

B Dataset: ImageNet-1K, validation set (50 000 images)

Proposed solution:

B The dual-tree complex wavelet packet transform (DT-CWPT)

73



Experimental validation

What we need:

B A fully deterministic model with predefined convolution kernels

B A set of Gabor-like filters tiling the entire frequency plane and a
unique bandwidth share across all filters

B No prediction, only the first layers are implemented

B Dataset: ImageNet-1K, validation set (50 000 images)

Proposed solution:

B The dual-tree complex wavelet packet transform (DT-CWPT)

|. Bayram and |. W. Selesnick, “On the Dual-Tree Complex Wavelet Packet and M-Band Transforms,” IEEE TSP, 2008.

73



Experimental validation

What we need:

B A fully deterministic model with predefined convolution kernels

B A set of Gabor-like filters tiling the entire frequency plane and a
unique bandwidth share across all filters

B No prediction, only the first layers are implemented

B Dataset: ImageNet-1K, validation set (50 000 images)

Proposed solution:
B The dual-tree complex wavelet packet transform (DT-CWPT)

B The bandwidth and subsampling are controlled by the depth J

|. Bayram and |. W. Selesnick, “On the Dual-Tree Complex Wavelet Packet and M-Band Transforms,” IEEE TSP, 2008.

73



Experiments

Filters generated by the DT-CWPT

Case J = 2 (two levels of dual-tree
decomposition):

Kk = ml2;

m=2;

32 filters + complex conjugates.

74



Experiments

Filters generated by the DT-CWPT

Case J = 2 (two levels of dual-tree
decomposition):
Kk = ml2;

m=2;
32 filters + complex conjugates.

b
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
/21
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¢ N ¢ ¢ ¢ ¢ ¢ ¢
5 0
¢ . ¢ ¢ ¢ ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
—T /21
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
_Tc T T
-7 —n/2 0 /2 T
X
| —

74



Experiments

Filters generated by the DT-CWPT

Case J = 2 (two levels of dual-tree
decomposition):
Kk = ml2;

m=2;
32 filters + complex conjugates.

T

/21

—T /21

S T
EEEEEERE
T E=RS T s
EEEEEENE

Spatial domain

Fourier domain

DT-CWPT
(real part only)

74



Experiments

Filters generated by the DT-CWPT

Case J = 2 (two levels of dual-tree

decomposition): FRSETNSE
m=2; :
32 filters + complex conjugates. EEEE%%%%
T Spatial do;nain
¢ e U2 L A ¢
| R ¢ e P I S S S = m H
™/ o ¢ ¢ | ¢ ¢ 0 ¢
e ol o O ¢ ﬂ E =
= 0 . o | o A m E
| -
9 ¢ e ¢ | ¢ ¢ 0 ¢ E m
o ¢ ¢ ¢ ¢ | ¢ ¢ ¢ ¢ FE : ﬂ
=i
- o ¢ e ¢ | ¢ ¢ ¢ u _-m
n —n/2 0 T/2 T
Oy
[

BEHEEXEE
HMEEABRER orcwer
nnnn...- (real part only)
NEHEDEENS
Fourier domain
= "o
.
H !E
ResNet-34
ES W
~
BXE
HE

74



Experiments

Filters generated by the DT-CWPT

Case J = 3 (three levels of dual-
tree decomposition):

Kk = rnl4,;

m =4,

128 filters + complex conjugates.

75



Experiments

Filters generated by the DT-CWPT

/2
—m/2

1 . B
m % ® 66 ¢ ¢ o0 6 o o o
- ..nw_. @ 6 & 6 6 6 O |0 o6 oo oo o
© (®)) ® 6 ¢ ¢ oo 6 o oo o
(-
(@) m. ® 2o 20 s e s s s o
(7)) m ® © 6 ¢ ¢ o 0|0 66 o6 o ok
n_Vu (@) ® 6 6 6 6 0| 66 o6 oo o
e\.l./ > ® S &6 6 o o0 e o o o
em b * se s s sie e e e o
O = Q * 6 ¢ ¢ oo o/ o oo o o
o= £
hS o * 6 6 ¢ 6 ¢ ol 0o o o o
I..H.\ml O ® 66 606 60 o/l o0 o oo o
e & + e 06 oo o0 ol e e o T
I O M\Iu * € ¢ o oo ol oo 00000..._1,
C LI N
JeA/_. ..alu. ® 6 ¢ ¢ 6 6 o/l 0o o oo o
ed —ﬂ4m * 6 & 0 ¢ oo ol e 6 o o
%% I __OO * 6o oo o o/ e e o o
@\ _ V _
- R = R
C..I. %S ml |

D

75



Experiments

Case J = 3 (three levels of dual-
tree decomposition):

Filters generated by the DT-CWPT

Kk = rnl4,;

m = 4;
128 filters + complex conjugates.

T

T 00 00 00 o0 40 00 v 0
O 00 00 00 ol 40 0 00
O 06 00 00 ol 40 40 000
[o 00 00 00 0|0 44 00 400
/2176 06 06 o0 o6 606 66 40 »
P Y P S S ST S S )
O 0 0 4 0 00 4| 402 00 4
. IR RIS
@ 0..,.,,,,00000000
O 46 00 00 ol 40 0 000
C 06 06 06 ol 40 40 000
1€ 0.6 6.0 00 40 ¢ 0 ¢+ ¢4
/2T e 66 66 ol® 40 40 40 0
O 00 0 60 4l e e v
O 06 00 00 ol 40 40 000
A A S S S R B U

—T —TE/Z 0 7:/2

O«

FLSGWNSTS
AP TR R G0 O A iﬁff]
=SEEEEEEE
;*ﬁﬁﬁ%*%

L= TITIRNR
TﬂIlHH mm m H'I.' MW

DT-CWPT
(subset, real
part only)

75



Experiments

Filters generated by the DT-CWPT

FLASSCIONNNG
Case J = 3 (three levels of dual- TI'.UI “.“' m W,ﬂ l“ ImI w‘ Hﬂ
tree decomposition): "g_ E = =EEEEE
= P
m="" : qr ‘ i
128 filters + complex conjugates. m ”m m mﬁ ]." "" m

T

I I IO
I P R R O
N A R N I M
[0 6.0 00 00 o[ ¢4 00 000
T/2T0 06 66 66 6|6 66 66 40 4
N N A N B M I
O 0 0 4 0 00 4| 402 00 4
. IR RIS
S 0 e e e e o0 ot v v v e
I P R I R
N N I I
1€ 0.6 6.0 00 40 ¢ 0 ¢+ ¢4
/270 e 66 66 [0 40 40 40 0
N N I R R N
I R R R R
I P R R O
_Tc T T
T -n/2 0 /2 T
0 . .
! Spatial domain
N

Fourier domain

DT-CWPT
(subset, real
part only)

AlexNet

75



Experiments

Normalized MSE between cMod and #Max

X

on o

o |2 Jl s

Ymax Ymod




Experiments

Normalized MSE between cMod and #Max

0.6 pz _ HYmaX . vaodH2
0.4 HYmodH;
0.2
0.0
Y max Ymod
S I ]

Kévin Polisano - Workshop ASCETE - 9 novembre 2023

76



Experiments

Normalized MSE between cMod and #Max

Kévin Polisano - Workshop ASCETE - 9 novembre 2023

2

B HYmaX _ YmodH;

el

0 — ~,(m0)*

76
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Experiments
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Experiments

Normalized MSE between cMod and #Max
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