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Source : https://developersbreach.com/convolution-neural-network-deep-learning/

Image classification: feature vectors are fed into a linear classifier 

Desired property of CNN: to remain invariant to small translations

Are extracted features maps stable to translations?
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Shift invariance ≠ Equivariance
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Source :  https://chriswolfvision.medium.com/what-is-translation-equivariance-and-why-do-we-use-
convolutions-to-get-it-6f18139d4c59
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Source : https://developersbreach.com/convolution-neural-network-deep-learning/
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Input signal Band-pass 
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Source :  https://www.doc.ic.ac.uk/~bkainz/teaching/DL/notes/equivariance.pdf

Convolutions are shift-equivariant 
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Convolutions are shift-equivariant 



Kévin Polisano – Workshop ASCETE – 9 novembre 2023

Max pooling layers
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Source : https://cs231n.github.io/convolutional-networks/
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Convolutions are followed by a max pooling 
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Source :  https://divsoni2012.medium.com/translation-invariance-in-convolutional-neural-
networks-61d9b6fa03df

Max pooling builds up shift-invariance
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General deep convolutional neural networks also 
become more translation invariant with increasing 
network depth (proved in the continuous framework).
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T. Wiatowski and H. Bölcskei, A Mathematical Theory of Deep Convolutional Neural Networks for Feature Extraction, 
IEEE Transactions on Information Theory, 64 (2018), pp. 1845–1866

General deep convolutional neural networks also 
become more translation invariant with increasing 
network depth (proved in the continuous framework).
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Source : https://developersbreach.com/convolution-neural-network-deep-learning/
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Source : https://developersbreach.com/convolution-neural-network-deep-learning/
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The effect of the max pooling operator on network stability 
under small input shifts has not been investigated, particularly 
when used in combination with Gabor-like convolutions.

In the discrete case, the presence of subsampled convolutions with 
oriented band-pass filters can lead to aliasing artifacts. To our 
knowledge, the literature lacks theoretical studies that take 
these aliasing effects into account.

Although extensive studies have been conducted on complex-valued 
convolutions followed by modulus, a link is missing to extend these 
results to standard CNNs, which implement real-valued 
convolutions and spatial pooling operators.
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Nonlinear pooling 
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Yosinski J, Clune J, Bengio Y, and Lipson H. How transferable are features in deep neural networks? In Advances in 
Neural Information Processing Systems 27 (NIPS ’14), NIPS Foundation, 2014.

Rai, Mehang, and Pablo Rivas. "A review of convolutional neural networks and Gabor filters in object recognition." 2020 
International Conference on Computational Science and Computational Intelligence (CSCI). IEEE, 2020.
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Output signal
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From high to low-frequency 
<latexit sha1_base64="Ye78bf8LJYPG1/aG8Klcc/LM7mk="></latexit>

V
�
⌫, "

�
:=

n
 2 L2

C(R2)
��� supp b ⇢ B1(⌫, "/2)

o
.

<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="M91qS61/Z5+NM39LttRQQnkDNv0="></latexit>

↵ : ⌧ 7! k⌧k1
2

<latexit sha1_base64="jSDtFMhOhiQeb+Kx6PIeaPMKQcE="></latexit>

kThF0 � F0kL2  ↵("h)kF0kL2

Shift-invariance bound for low-frequency functions:
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<latexit sha1_base64="VxnaXl9wdBtD/eZTj4SgqUtHENk="></latexit>

W 2 J
�
✓, 

�
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<latexit sha1_base64="VxnaXl9wdBtD/eZTj4SgqUtHENk="></latexit>

W 2 J
�
✓, 

�

<latexit sha1_base64="aGaFX1/i+WAE7lI1o6mg6uW+/NE="></latexit>

F0 : x 7! (FX ⇤  W)(x) eih✓/s,xi

<latexit sha1_base64="10g0ZRHARKxz2nN4lkAuKGJuNCk="></latexit>

  ⇡/m
<latexit sha1_base64="7rwTbKV4/hhvE74rJvhZy2TZ8Hk="></latexit>

F0 2 V(0, 2⇡/s)
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<latexit sha1_base64="VxnaXl9wdBtD/eZTj4SgqUtHENk="></latexit>

W 2 J
�
✓, 

�

<latexit sha1_base64="aGaFX1/i+WAE7lI1o6mg6uW+/NE="></latexit>

F0 : x 7! (FX ⇤  W)(x) eih✓/s,xi

<latexit sha1_base64="10g0ZRHARKxz2nN4lkAuKGJuNCk="></latexit>

  ⇡/m
<latexit sha1_base64="7rwTbKV4/hhvE74rJvhZy2TZ8Hk="></latexit>

F0 2 V(0, 2⇡/s)
<latexit sha1_base64="YZ+LUQ69voZDwbPCwTs3dD+0KWI="></latexit> X

n2Z2

���ThF0(s
0n)� F0(s

0n)
���
2
=

1

s02
kThF0 � F0k2L2

<latexit sha1_base64="am4qshw6MlWj1RCbTZ0CuAM1r6g="></latexit>

s0 := 2ms
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<latexit sha1_base64="VxnaXl9wdBtD/eZTj4SgqUtHENk="></latexit>

W 2 J
�
✓, 

�

<latexit sha1_base64="aGaFX1/i+WAE7lI1o6mg6uW+/NE="></latexit>

F0 : x 7! (FX ⇤  W)(x) eih✓/s,xi

<latexit sha1_base64="10g0ZRHARKxz2nN4lkAuKGJuNCk="></latexit>

  ⇡/m
<latexit sha1_base64="7rwTbKV4/hhvE74rJvhZy2TZ8Hk="></latexit>

F0 2 V(0, 2⇡/s)
<latexit sha1_base64="YZ+LUQ69voZDwbPCwTs3dD+0KWI="></latexit> X

n2Z2

���ThF0(s
0n)� F0(s

0n)
���
2
=

1

s02
kThF0 � F0k2L2

<latexit sha1_base64="am4qshw6MlWj1RCbTZ0CuAM1r6g="></latexit>

s0 := 2ms

<latexit sha1_base64="qef2BMOtu5lZGY7+y9dJ45VbQQw="></latexit>��Umod
m X

��
2
=

1

s0
kF0kL2
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<latexit sha1_base64="VxnaXl9wdBtD/eZTj4SgqUtHENk="></latexit>

W 2 J
�
✓, 

�

<latexit sha1_base64="aGaFX1/i+WAE7lI1o6mg6uW+/NE="></latexit>

F0 : x 7! (FX ⇤  W)(x) eih✓/s,xi

<latexit sha1_base64="10g0ZRHARKxz2nN4lkAuKGJuNCk="></latexit>

  ⇡/m
<latexit sha1_base64="7rwTbKV4/hhvE74rJvhZy2TZ8Hk="></latexit>

F0 2 V(0, 2⇡/s)
<latexit sha1_base64="YZ+LUQ69voZDwbPCwTs3dD+0KWI="></latexit> X

n2Z2

���ThF0(s
0n)� F0(s

0n)
���
2
=

1

s02
kThF0 � F0k2L2

<latexit sha1_base64="am4qshw6MlWj1RCbTZ0CuAM1r6g="></latexit>

s0 := 2ms

<latexit sha1_base64="qef2BMOtu5lZGY7+y9dJ45VbQQw="></latexit>��Umod
m X

��
2
=

1

s0
kF0kL2

Theorem (Shift invariance of          )ℂ𝐌𝐨𝐝

<latexit sha1_base64="rL2j8fjqZMZ5emXF4byIKDxkk/I="></latexit>

X 2 l2R(Z2)
<latexit sha1_base64="ahl+GBlvZ/Lu8PKXm/5DFVSokFo="></latexit>��Umod

m (TuX)� Umod
m X

��
2
 ↵(u)

��Umod
m X

��
2

<latexit sha1_base64="VxnaXl9wdBtD/eZTj4SgqUtHENk="></latexit>

W 2 J
�
✓, 

� <latexit sha1_base64="10g0ZRHARKxz2nN4lkAuKGJuNCk="></latexit>

  ⇡/mIf and
then for any input image with finite support
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I. Waldspurger intuition linking the two operators:
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")
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61

I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="D58DnOlkOfUcEl9bsPQg4jWSx/I="></latexit>

(F ⇤ Re )(x) = Re((F ⇤  )(x)) = Re(F0(x)e
�ih⌫,xi)
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="D58DnOlkOfUcEl9bsPQg4jWSx/I="></latexit>

(F ⇤ Re )(x) = Re((F ⇤  )(x)) = Re(F0(x)e
�ih⌫,xi)

<latexit sha1_base64="iPHXkefx19PRGHZiPnHcxwIYCqw="></latexit>

(F ⇤ Re )(x+ h) ⇡ Re(F0(x)e
�ih⌫,x+hi) = Re((F ⇤  )(x)e�ih⌫,hi)
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="D58DnOlkOfUcEl9bsPQg4jWSx/I="></latexit>

(F ⇤ Re )(x) = Re((F ⇤  )(x)) = Re(F0(x)e
�ih⌫,xi)

<latexit sha1_base64="NcCwTmfrfRGSF3tPQnq/zGKcDzY="></latexit>

khk2 ⌧ 2⇡/" =) F0(x+ h) ⇡ F0(x)

<latexit sha1_base64="iPHXkefx19PRGHZiPnHcxwIYCqw="></latexit>

(F ⇤ Re )(x+ h) ⇡ Re(F0(x)e
�ih⌫,x+hi) = Re((F ⇤  )(x)e�ih⌫,hi)
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="D58DnOlkOfUcEl9bsPQg4jWSx/I="></latexit>

(F ⇤ Re )(x) = Re((F ⇤  )(x)) = Re(F0(x)e
�ih⌫,xi)

<latexit sha1_base64="NcCwTmfrfRGSF3tPQnq/zGKcDzY="></latexit>

khk2 ⌧ 2⇡/" =) F0(x+ h) ⇡ F0(x)
<latexit sha1_base64="iK9DJlMurYjThgix9DM7AcuOFYg="></latexit>

(F ⇤  )(x) = |(F ⇤  )(x)|e�iH(x)

<latexit sha1_base64="iPHXkefx19PRGHZiPnHcxwIYCqw="></latexit>

(F ⇤ Re )(x+ h) ⇡ Re(F0(x)e
�ih⌫,x+hi) = Re((F ⇤  )(x)e�ih⌫,hi)
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From CMod to RMax in the continuous framework

61

I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="D58DnOlkOfUcEl9bsPQg4jWSx/I="></latexit>

(F ⇤ Re )(x) = Re((F ⇤  )(x)) = Re(F0(x)e
�ih⌫,xi)

<latexit sha1_base64="NcCwTmfrfRGSF3tPQnq/zGKcDzY="></latexit>

khk2 ⌧ 2⇡/" =) F0(x+ h) ⇡ F0(x)
<latexit sha1_base64="iK9DJlMurYjThgix9DM7AcuOFYg="></latexit>

(F ⇤  )(x) = |(F ⇤  )(x)|e�iH(x)

<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="iPHXkefx19PRGHZiPnHcxwIYCqw="></latexit>

(F ⇤ Re )(x+ h) ⇡ Re(F0(x)e
�ih⌫,x+hi) = Re((F ⇤  )(x)e�ih⌫,hi)
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<latexit sha1_base64="vVi/LugyWx+M5rCtk5xTkoQHc5Y="></latexit>

G(x, h)

From CMod to RMax in the continuous framework
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="iSa7VTEnkjWGB6/i39xP49Q/XS8="></latexit>

F0 : x 7! (F ⇤ )(x)eih⌫,xi
<latexit sha1_base64="+m0bsbT0eaitRucQrPOPBKAEtEc="></latexit>

suppcF0 ⇢ B1("/2)

<latexit sha1_base64="zxv3MFRaSA5NkmDji+AZCJ8UoG8="></latexit>

 2 V(⌫, ")

<latexit sha1_base64="D58DnOlkOfUcEl9bsPQg4jWSx/I="></latexit>

(F ⇤ Re )(x) = Re((F ⇤  )(x)) = Re(F0(x)e
�ih⌫,xi)

<latexit sha1_base64="NcCwTmfrfRGSF3tPQnq/zGKcDzY="></latexit>

khk2 ⌧ 2⇡/" =) F0(x+ h) ⇡ F0(x)
<latexit sha1_base64="iK9DJlMurYjThgix9DM7AcuOFYg="></latexit>

(F ⇤  )(x) = |(F ⇤  )(x)|e�iH(x)

<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="iPHXkefx19PRGHZiPnHcxwIYCqw="></latexit>

(F ⇤ Re )(x+ h) ⇡ Re(F0(x)e
�ih⌫,x+hi) = Re((F ⇤  )(x)e�ih⌫,hi)
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="UrR6tvGfiQajIEPg+OZQJ5A3BWU="></latexit>

Umod[ ] (F ) : x 7!
��(F ⇤  )(x)

��

<latexit sha1_base64="vCIBw9iDqAYhvvq/fzXEeKwj0k0="></latexit>

Umax
r [ ] (F ) : x 7! max

khk1r
(F ⇤ Re )(x+ h)
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From CMod to RMax in the continuous framework
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="UrR6tvGfiQajIEPg+OZQJ5A3BWU="></latexit>

Umod[ ] (F ) : x 7!
��(F ⇤  )(x)

��

<latexit sha1_base64="vCIBw9iDqAYhvvq/fzXEeKwj0k0="></latexit>

Umax
r [ ] (F ) : x 7! max

khk1r
(F ⇤ Re )(x+ h)

<latexit sha1_base64="iDWI+uqeXPWtr93N92lW66m8ivw="></latexit>

r ⌧ 2⇡/" =) Umax
r F (x) ⇡ UmodF (x) max

khk1r
G(x,h)

Max
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I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="UrR6tvGfiQajIEPg+OZQJ5A3BWU="></latexit>

Umod[ ] (F ) : x 7!
��(F ⇤  )(x)

��

<latexit sha1_base64="vCIBw9iDqAYhvvq/fzXEeKwj0k0="></latexit>

Umax
r [ ] (F ) : x 7! max

khk1r
(F ⇤ Re )(x+ h)

<latexit sha1_base64="iDWI+uqeXPWtr93N92lW66m8ivw="></latexit>

r ⌧ 2⇡/" =) Umax
r F (x) ⇡ UmodF (x) max

khk1r
G(x,h)

Max

<latexit sha1_base64="KaRi3uRqms6cOzF3aVWhaeuOJFk="></latexit>

r � ⇡

k⌫k2

<latexit sha1_base64="caMRjkHtsT0Y8oH7G2S4Ucz0EBU="></latexit>

h 7! G(x,h)
<latexit sha1_base64="w0/d5pklIF5Rhgk5IOJ0uvMijrE="></latexit>

B1(r)For the cosine reaches 1 on
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62

I. Waldspurger intuition linking the two operators:
<latexit sha1_base64="Zf3pp5lMoTMl/TxxMzk82idD5c8="></latexit>

(F ⇤ Re )(x+ h) ⇡ |(F ⇤  )(x)| cos(h⌫, hi �H(x))

<latexit sha1_base64="UrR6tvGfiQajIEPg+OZQJ5A3BWU="></latexit>

Umod[ ] (F ) : x 7!
��(F ⇤  )(x)

��

<latexit sha1_base64="vCIBw9iDqAYhvvq/fzXEeKwj0k0="></latexit>

Umax
r [ ] (F ) : x 7! max

khk1r
(F ⇤ Re )(x+ h)

<latexit sha1_base64="iDWI+uqeXPWtr93N92lW66m8ivw="></latexit>

r ⌧ 2⇡/" =) Umax
r F (x) ⇡ UmodF (x) max

khk1r
G(x,h)

Max

<latexit sha1_base64="WDetfQTU0wv85Po+RGEKt/N5zQg="></latexit>

⇡

k⌫k2
 r ⌧ 2⇡

"
=) Umax

r F (x) ⇡ UmodF (x)

<latexit sha1_base64="KaRi3uRqms6cOzF3aVWhaeuOJFk="></latexit>

r � ⇡

k⌫k2

<latexit sha1_base64="caMRjkHtsT0Y8oH7G2S4Ucz0EBU="></latexit>

h 7! G(x,h)
<latexit sha1_base64="w0/d5pklIF5Rhgk5IOJ0uvMijrE="></latexit>

B1(r)For the cosine reaches 1 on
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𝒙𝒏

𝒙𝒏 + 𝒉𝒑

3𝑚𝑠

𝒙𝒏

𝒙𝒏 + 𝒉𝒑
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Adaptation to the discrete case

63

𝒙𝒏

𝒙𝒏 + 𝒉𝒑

3𝑚𝑠

𝒙𝒏

𝒙𝒏 + 𝒉𝒑

 is now indexed 
by 

𝒉
𝒑 ∈ ⟦−𝑞, 𝑞⟧2
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𝒙𝒏

𝒙𝒏 + 𝒉𝒑

3𝑚𝑠

𝒙𝒏

𝒙𝒏 + 𝒉𝒑

Maximum value 
over a discrete grid
(  in general)𝑞 = 1
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By linearity of the expected value
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MaxPool 2
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What we need:
A fully deterministic model with predefined convolution kernels

No prediction, only the first layers are implemented
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          operator can serve as a stable proxy for        
enabling to improve shift invariance in CNNs architecture 
while preserving high-frequency information.

ℂ𝐌𝐨𝐝 ℝ𝐌𝐚𝐱
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