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Super-Resolution Principle

The resolving power of lenses, however perfect, is limited (Lord Rayleigh)
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Super-Resolution Principle

Objective Data
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Super-Resolution Detection of Lines

Objective f Data

Jobs = 1 h
I Recovering
line parameters
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Problem formulation

s : (t,t2) ! P"# ad(cos(0)t; + sin(f)t2 $ )
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Problem formulation

Assumptions:

Lo T
oL
P=R/(WZ) x R
W, H odds
W

s : (t,t2) ! P"# ad(cos(0)t; + sin(f)t2 $ )
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Problem formulation

K=3

Assumptions:

O ! (" Z%]
P=R/(WZ) x R

W, H odds
W
K
s (t1,t2) € P — Z ak5(cos(0k)t1 + sin(0y )tr — fyk)
k=1
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Problem formulation

¥1

N

Horizontal convolution

uf =s*11,

N

K
s (tl, tz) c P Z Ctk5(COS(9k)t1 + Sin(ek)tz — *yk)
k=1
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Problem formulation
©1

A

Vertical convolution

- Sﬁ*¢:uﬁ*¢2
f 2 L " Vi 7
(11,1 P t1 +tan( 0.)t, +
u' 1 (t1,12) €  cos@r) 1 t1 (0r)t2 cosOr)
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Problem formulation
©1

j\ s 1

Vertical convolution

" =5t o =uf! ¢

—

V= (COSE%)%(COS&%))) ' (Sinzek)W(Sin(.ek)))

K
Sﬁ * @ : (tl, t2) cP— Z QW (COS(@k)tl + Sin(ek)tZ T ’Yk)
k=1
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Blur model

B Horizontal blur ! ! L*([0,W)) Discrete filter
W ! periodic gln] = ¢1(n)
Bandlimited ¢n(@1) =0 for |m|! (W +1)/2
LW

| 1 — 1
0

B Vertical blur ¢y € L'(R)
Discrete filter (h[n] = (g * sinc)(n))n! - has
compact support of length 25+ 1 for S! N

!2:1
R
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Spatial vs. Frequency domain

\\ /%

| | A Z

ja

K
] s (tl, tz) — Z aké(COS(ek)tl + Sin(ek)tz ! ’Yk)

k=1
K
\N! [m, n2] = : If. e72 (tan(#x )n2 —3x )m/W
. COS .

k—
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Formulation as combinaison of atoms

\\/

| | A Z

ja

| K

W' [m,no] = l

- k ej2" (tan(#k )nz —$i )m/W
, COS '
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Spatial vs. Frequency domain

V' Vﬁ[n11n2] — Uﬁ(nl,ng) mﬁ

F1

K
m 711, nz Z cos (nl T tan("k)n2 — $k)

k=1

fb.! [m1 n2] — @[m]w' [m’ n2]
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Spatial vs. Frequency domain

&

B 2f[ng,ne] =0 ng, ] xh

AdF = ¢f

& [m, nz] = @*[m,:]! h = (G[m]d*[m,:]) ! h
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Problem formulation

Data generation size:\W, H blur: g, h filter size: S

lines: K, {!1," k. #}  noise: ¢ ~ N(0, (%)
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Inverse problem

Goal: From data Y find the image of the exponentials W

W' [m, ns]
* P2 e

>s“*¢

Y
§n:

Diracs
QZ1AIDSI(]
QZ1IDSI(]

<
<
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Minimization problem

Goal: From data Y find the image of the exponentials W

W' [m, ns]

*
©-
N

Y
S
E=S
Y
»
ESS
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Minimization problem

Goal: From data ¥ find the image of the exponentials W'

symmetric N W' [m, no]

K
Z ' ]i eI 2! (@n( "k)na! #c) W
cos" ..

Minimization problem

HA‘U/}T o ?;TH
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Framework of atomic norm minimization

Simple model from atomic set A

model _j ) ;jai\ a A

Welghts

_ JEPLINPCI 0"
AT 0010 0 11 X_ﬂs\.
IXI'a =iInf {t> 0:x" tconv(A)} ”W—g T‘J
" $A\| $A\| <4 —>
I X! A = Inf Ci . X = Clal.
c,!O# :
ail A =1 =1 l
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Framework of atomic norm minimization

Sparse vectors A = {__ei}iil

conv(A) = cross-polytope

Ixha = I'xly

Low-rank matrices A = {A : rank(A) =1, ||A||p = 1}5\;1
conv(.A) = nuclear norm ball

|lz]la = [zl

Binary vectors A = {+ 1} :\Izl

conv(.A) = hypercube

Ix[l.a =[]l
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Framework of atomic norm minimization

A = {——673}7];\;1
conv(A) = cross-polytope

Minimize ! X! A

Subject to! X =Y
Ixla = I'xly

Low-rank matrices A = {A : rank(A) = 1, | A||p = 1},
conv(A) = nuclear norm ball
|lzl.a = [l]].

Binary vectors A = {+ 1} :\Izl

conv(A) = hypercube

Ix[l.a =[]l
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Framework of atomic norm minimization

N
Sparse vectors A = {%e;},_4 Minimize ! X! a

COHV(A) = cross-polytope Subjectto ! X =Y

Ixla = I'xly

A={A:rank(A) =1, ||Al|lp = 1},
conv(A) = nuclear norm ball
|lzl.a = [l

Binary vectors A = {+ 1} :\Izl

conv(A) = hypercube

Ix[l.a =[]l
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Framework of atomic norm minimization

N
Sparse vectors A = {%e;},_4 Minimize ! X! a

conv(A) = cross-polytope Subject to ! X =

Ixla = I'xly
Low-rank matrices A = {A : rank(A) =1, ||A||p = 1}5\;1
conv(A) = nuclear norm ball
|lzl[a = lz]]

A= {1},
conv(.A) = hypercube

Ix[l.a =[]l
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Formulation as combinaison of atoms

\\/

| | A Z

ja

| K

W' [m,no] = l

- k ej2" (tan(#k )nz —$i )m/W
, COS '

Polisano et al. - Convex Super-Resolution Detection of Lines in Images



Formulation as combinaison of atoms

A = {a(f,¢) e C'l f€[0,1],4 € [0, 27)}

| K
\N! [m, n2] —

Lk e]2 (tan(#« )n2 —$x )m /W

| cos"y

'k
1K &« Cos'y
] zﬁjﬁz = @ﬁ[i,nz] = cka fry k)
k:]. fnz,k —

tan(!y )nz — "k
|44
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Formulation as combinaison of atoms

A={af.9)ecllfel0lloef02m} o —m

| K
: I
r . ]{; y O _ I
W! [m’ n2] — a e]2 (tan(#k )n2 —x )ym /W o= k"
_, cos"y cos"k
K f o= tani/!vk)m
Al Al T
B Oy, =0 [m,:] =) aalfmk,! mk)
2N M
k=1 gbm,k — W
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Formulation as combinaison of atoms

[X[.a= inf G x = galfy,!y)
c.! O K K
fo! [0,1]
|11 [0,2")
K
B U, =0 [m,:] = ZCka(fm,k Amk )
k=1
K
m O, = 0fF[,n2]=  alfn, k)
k=1
|7, [l.a 7 7, 4 ?
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Caratheodory theorem

Toeplitz Operator:

Ty x5 aaa xy

n L9 L1 aaa $|t| _10

T:(x1,....2n) 1" " _ é
( ? Y ) # :
TN @ IN_1 aaa xi

B Caratheodory theorem. A vector x of length N = 2M + 1
is a positive combinaison (cx > 0) of K < M + 1

atoms a( fx) if and only if T(X) ! Q.
Also this decomposition is unique if K < M.
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Atomic norm of the rows

B | " o n K
I "

— T2 ! ! | —
W, ! A = INnf C. W, o= c.a(f,,!;) = Ck
k k k=1

B Caratheodory theorem. A vector x of length N = 2M + 1
is a positive combinaison (cx > 0) of K < M + 1

atoms a( fx) if and only if T(X) ! Q.
Also this decomposition is unique if X < M.
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Atomic norm of the columns

K

O w:n — ?D! [m, 1] — Z Ck&(fm,k , ! m,k )T cqubm,k c C
k=1

G ! Ao = inf c W, = qga(f,!,) ! Ck
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Atomic norm via a semidefinite program

“_ . . ae | .
B Proposition. The atomic norm |\ ||a can be characterized

by the following semidefinite program:

!\A&iﬁn!A:qr?icr:\HS Gn [O] : -(r“ég’;) q\f?O] 1 0

improvement of [Bhaskar et al.,2013]

i
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i §)

: real cte! ¢ Seenmermstmsemsesstesesestasensteseaseasensen :

Constraints

Uy

Lo(w, [0 : M,ns]) = Toep(w,[0 : M, ns))

wfr- 1,n2* QDTO,TLQ ¢t ’I.DTM—l,TLQ] O

Y

'UA)T[M,TLQ]* ’lZ)r,«[M— 1,77,2]* qu)r[O,ng]

Ll(@r[ma :]7 qr[ma ])

N\ Vi q’[m1o
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Minimization problem

e
arg min 5" A, #
Wy ,qr

il = 0, ..., Hs s
\ﬁr [O n2] — Wr [O, O]I
G [m, 0! ¢
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Minimization problem

X =(o,q)! H G(X)
1/\
Df | argmin =" Ad, # 6 "2
@ ,0r 2

i Iny=0,...,Hs" 1,'m=0,...,,M,
4 Wy [01 n2] = W, [01 O] lC, >boundary
Subjectto , ¢[m,0]! c,

i\ L 1(wr [m, :]1 Cr [m; ]) "0, > cone of positive
LQ(Wr [:, ng]) "0 matrices

constraints B

LT s (W, g) 1" Lo (e [m, 2], g [m, o))
ng : (Wr,Qr) " LZ(Wr [hnz])
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Minimization problem

(

M
. L. . . m n
XF =Xa(rgml§l?{< 5 | Ay — Gl + (X)) + > (LX) + Y e(Ly? (X)) ¢
— wraQr S

\ m:O T2 :0 y,

X*=argmin {G(X)+ H(L(X))}
X eH

Chambole-Pock

1 .
G = §HA ' _y’r'HlQ/\/
LiE{LT,LS2} Hi = v« 1< N

N
1—=0 |_|\| = |d HN — !B | = N

LX:(Ll,...,LN) It M+ He 1
— S
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Primal-dual algorithm

" IL1c=1
Proximal operator Conditions { I'n" N,I'4y"]0,2|
Z Pn(2 — pp) = +00

[Condat ,2013] neN
||N
. I Li! <i,n
Primal -0
variables
Tn+1 = I nEne +(1 — n)xn
11 =0,...,N
Dual Z'Ln +1 — prOX| Hi! (Zi,n + l L|(2X'n+1 I Xn))
variables 3
Zi,n +1 — !nz'l,n +1 T (1 | !n)zi,n
converge toward a solution (X', Zj, ..., Zy ) of the problem.
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Spectral estimation

71 (1) r2(1)
~ = =

1 1
z(t) =3 exp(iZth) + 1 exp(ingt)

Xmtm=1m =X(-M : M)

M =2

%,

-

i$-

? &
] 1l
. 4

T T T T T T T
3
2
i : ]
OW
1k : : i
2
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Prony method

K
—9 m | |
| Qfm:E pr (e779%) et C
Given = + HP recover
— Lk WL € [—7T,7T]
'm="M,... M

K K
Annihilating filter: H(z) = H(Z —Z) = Z hjz"
k=1 k=0

K K K | K K |
Zhjxm! j :Zh] (Zpkzlf;n' ]> — Zpkz,T Zh]‘ZLJ =0
=0 =0 k=1 k=1 =0

! P
H(z) = 0
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Prony method

1K
© hiXmi =0, VYm=-M+K,...,M
] =0
—
Xi M+K @aaa Xiw No 0
XM aaaxmu k hk 0
1k h

x!'h=0% Txh=0

Polisano et al. - Convex Super-Resolution Detection of Lines in Images



Prony method

wy = arg(Z)

Roots of H (2)

TKh — 0= h = Right smgu_lar vector associated
to the singular value zero
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Prony method

K
'/Em:kz_:lpk (e_ka)m — CU:U,U
lm="M,.... M

Solve UMUp=U"2+—= p=U"U) Uz
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Application of the Prony method

e =E['mir]l 'k = E[ mkl
! mk — ‘dm,k ‘COS("m,k )

mek — arctan(me,k/m)

1K
| L
B, =M= dnkafmk)’ o= o
k=1 I
< K, Ck e” K f tan(! k)m
m,k —
) ) W
B Uy, =0 [m, ]Zcha(fmk,'mk)T —
k=1 ¢m,k:— W
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Application of the Prony method

Prony

eiﬁbl,.k” ol PMK adwk ——> 'k
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super-resolution

Numerical experiments

image000

denoising

—

Empirical

Theoritical

Relative errors

Iterations

Experiment 1

Experiment 2

l,/! | (107,310 5,710 ") | (10'%6.10 2,9.10 ?)
VE (10" 7,10 7,10 1) (10' 2,9.10 4,210 1)
l | (410 5,710 °,7.10 ®) || (5.10 2,4.10 %,3.10 ?)
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Numerical experiments

super

>
resolution

Experiment 3
Ag/0 | (6.10 7,9.10 >,8.10 °)

A,/a | (410 °,2.10 >,2.10 )
Ay, (5.10 °,10 “4,3.10 4
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Conclusion and future work

B Conclusion
Model of lines super-resolution based on the atomic norm.
Solve the optimization problem by primal-dual algorithm.

Estimate the line parameters by Prony method.

B Future work

Extend the model to every angle range.

Application to inpainting problems.

Use local patch to deal with curves super-resolution.
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Questions ?

Thank you for your attention.
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