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Motivation
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Super-Resolution Principle

x

Tube lens

Objective
Point source

Optical 
System

Point source �(t� ⌧)

h(t� ⌧)

The resolving power of lenses, however perfect, is limited (Lord Rayleigh)
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Super-Resolution Principle

f f
obs

= f ⇤ h

f̂
obs

= f̂ · ĥf̂

h bandlimited

?

?

Objective Data
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(Fourier)
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Super-Resolution Detection of Lines
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Problem formulation

R2

t1
t2

s] : (t1, t2) 2 P 7! ↵�
�
cos(✓)t1 + sin(✓)t2 � �

�

⌘= �
cos ✓z}|{

✓

↵
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Problem formulation

t1
t2

s] : (t1, t2) 2 P 7! ↵�
�
cos(✓)t1 + sin(✓)t2 � �

�

⌘= �
cos ✓z}|{

✓

Assumptions:
✓ 2 (�⇡

4
,
⇡

4
]

P = R/(WZ)⇥ R

W,H odds

W

H
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s] : (t1, t2) 2 P 7!
KX

k=1

↵k�
�
cos(✓k)t1 + sin(✓k)t2 � �k

�

✓k 2 (�⇡

4
,
⇡

4
]

7

Problem formulation

Assumptions:

P = R/(WZ)⇥ R

W,H odds

W

H

K = 3
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Problem formulation

Horizontal convolution

'1

u] = s] ⇤ �1

s] : (t1, t2) 2 P 7!
KX

k=1

↵k�
�
cos(✓k)t1 + sin(✓k)t2 � �k

�
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u]
: (t1, t2) 2 P 7!

KX

k=1

↵k

cos(✓k)
'1

⇣
t1 + tan(✓k)t2 +

�k
cos(✓k)

⌘

8

Problem formulation
'1

'
2

Vertical convolution

s] ⇤ � = u] ⇤ �2
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Problem formulation

Vertical convolution

'1

'
2

s] ⇤ � =

s] ⇤ � : (t1, t2) 2 P 7!
KX

k=1

↵k k

�
cos(✓k)t1 + sin(✓k)t2 + �k

�

 k =

✓
1

cos(✓k)
'1

⇣ ·
cos(✓k)

⌘◆
⇤
✓

1

sin(✓k)
'2

⇣ ·
sin(✓k)

⌘◆

x

] = s

] ⇤ � = u

] ⇤ �2
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Blur model

'1 2 L1([0,W ))Horizontal blur
W � periodic

Bandlimited cm('1) = 0 |m| > (W + 1)/2

g[n] = '1(n)

Z W

0
'1 = 1

for

Discrete filter

Vertical blur '2 2 L1(R)
�
h[n] = ('2 ⇤ sinc)(n)

�
n2ZDiscrete filter has

compact support of length 2S + 1 S 2 Nfor
Z

R
'2 = 1
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ℜ (w ♯)

s](t1, t2) =
KX

k=1

↵k�
�
cos(✓k)t1 + sin(✓k)t2 � �k

�

ŵ]
[m,n2] =

KX

k=1

↵k

cos ✓k
ej2⇡(tan(✓k)n2�⌘k)m/W

F1

F�1
1

s] ŵ]

Spatial vs. Frequency domain
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ℜ (w ♯)

ŵ]
[m,n2] =

KX

k=1

↵k

cos ✓k
ej2⇡(tan(✓k)n2�⌘k)m/W

F1

F�1
1

s] ŵ]

Formulation as combinaison of atoms

W

H
S
=

H
+
2S

�M +M

M =
W � 1
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F1

F�1
1

v] v̂]

v̂][m,n2] = ĝ[m]ŵ][m,n2]

Spatial vs. Frequency domain

v][n1, n2] =

KX

k=1

↵k

cos(✓k)
'1

⇣
n1 + tan(✓k)n2 � ⌘k

⌘

v][n1, n2] = u](n1, n2)
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F1

F�1
1

x

][n1, n2] = v

][n1, :] ⇤ h

x̂

][m,n2] = v̂

][m, :] ⇤ h = (ĝ[m]ŵ][m, :]) ⇤ h

x̂

]
x

]

Aŵ

] = x̂

]

Spatial vs. Frequency domain



Polisano et al. - Convex Super-Resolution Detection of Lines in Images / 3111

Problem formulation

Data generation W,H g, h

K, {✓k,↵k, ⌘k}

size: blur:

lines: " ⇠ N (0, ⇣2)noise:

Sfilter size:

εx ♯ y

+ =

x

] " y
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Inverse problem

Aŵ

] = x̂

]

Goal: From data ŷ find the image of the exponentials ŵ]

ŵ][m,n2]

=KX

k=1

↵k

cos ✓k
ej2⇡(tan(✓k)n2�⌘k)

m
W

Inverse problem
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Minimization problem

Goal: From data ŷ find the image of the exponentials ŵ]

ŵ][m,n2]

=KX

k=1

↵k

cos ✓k
ej2⇡(tan(✓k)n2�⌘k)

m
W

Minimization problem

kAŵ � ŷk
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Goal: From data ŷ find the image of the exponentials ŵ]

ŵ][m,n2]

=KX

k=1

↵k

cos ✓k
ej2⇡(tan(✓k)n2�⌘k)

m
W

ℜ (w ♯)

ŵ]

W

H
S
=

H
+
2S

+M

symmetric

ŵr

Minimization problem

kAŵr � ŷrk

Minimization problem

12
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x =
rX

i=1

ciai

Simple model from atomic set

Framework of atomic norm minimization

A

ai 2 A
ci > 0

model
weights atoms

rank dictionary

A =

⇢
1
0

�
,


0
1

�
,


�1
0

�
,


0
�1

��

kxkA = inf {t > 0 : x 2 tconv(A)}

kxkA = inf
ci>0

ai2A

8
<

:

|A|X

i=1

ci : x =

|A|X

i=1

ciai

9
=

;

ai

kxkA =
6

5

x =


�1/5
1

�
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Framework of atomic norm minimization

Sparse vectors A = {±ei}Ni=1

A = {±1}Ni=1

A = {A : rank(A) = 1, kAkF = 1}Ni=1

conv(A) = cross-polytope

conv(A) = nuclear norm ball

conv(A) = hypercube

kxkA = kxk1

kxkA = kxk⇤

kxkA = kxk1

Low-rank matrices

Binary vectors
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Framework of atomic norm minimization
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ℜ (w ♯)

ŵ]
[m,n2] =

KX

k=1

↵k

cos ✓k
ej2⇡(tan(✓k)n2�⌘k)m/W

F1

F�1
1

s] ŵ]

Formulation as combinaison of atoms

W

H
S
=

H
+
2S

�M +M

M =
W � 1
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ℜ (w ♯)

ŵ]
[m,n2] =

KX

k=1

↵k

cos ✓k
ej2⇡(tan(✓k)n2�⌘k)m/W

ŵ]

 n2

ŵ]
n2

= ŵ][:, n2] =
KX

k=1

cka(fn2,k)

A = {a(f,�) 2 C|I|, f 2 [0, 1],� 2 [0, 2⇡)}

[a(f,�)]i = ej(2⇡fi+�), i 2 I

[a(f)]i = ej2⇡fi, i 2 I

I = {�M, . . . ,M}

ck =

↵k

cos ✓k

fn2,k =
tan(✓k)n2 � ⌘k

W

Formulation as combinaison of atoms
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ℜ (w ♯)

ŵ]
[m,n2] =

KX

k=1

↵k

cos ✓k
ej2⇡(tan(✓k)n2�⌘k)m/W

ŵ]A = {a(f,�) 2 C|I|, f 2 [0, 1],� 2 [0, 2⇡)}

[a(f,�)]i = ej(2⇡fi+�), i 2 I

[a(f)]i = ej2⇡fi, i 2 I

ck =

↵k

cos ✓k

I = {0, . . . , HS � 1}

m

ŵ]
m = ŵ][m, :] =

KX

k=1

cka(fm,k,�m,k)
T

�m,k = �2⇡⌘km

W

fm,k =
tan(✓k)m

W

Formulation as combinaison of atoms

15
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ŵ]
m = ŵ][m, :] =

KX

k=1

cka(fm,k,�m,k)
T

ŵ]
n2

= ŵ][:, n2] =
KX

k=1

cka(fn2,k)

kxkA = inf
c0k>0

f 0
k2[0,1]

�0
k2[0,2⇡)

(
X

k

c

0
k : x =

X

k

c

0
ka(f

0
k,�

0
k)

)
.

kŵ]
mkA ? kŵ]

n2
kA ?

Formulation as combinaison of atoms
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Caratheodory theorem

Caratheodory theorem. A vector x of length N = 2M + 1

is a positive combinaison (ck > 0) of K 6 M + 1

atoms a(fk) if and only if T(x) < 0 .
Also this decomposition is unique if K 6 M.

T : (x1, . . . , xN ) 7!

0

BBB@

x1 x

⇤
2 · · · x

⇤
N

x2 x1 · · · x

⇤
N�1

...
...

. . .
...

xN xN�1 · · · x1

1

CCCA

Toeplitz Operator:
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Atomic norm of the rows

Caratheodory theorem. A vector x of length N = 2M + 1

is a positive combinaison (ck > 0) of K 6 M + 1

atoms a(fk) if and only if T(x) < 0 .
Also this decomposition is unique if K 6 M.

ŵ]
n2

= ŵ][:, n2] =
KX

k=1

cka(fn2,k)

kŵ]
n2kA = inf

(
X

k

c0k : ŵ]
n2 =

X

k

c0ka(f
0
k,�

0
k)

)
=

KX

k=1

ck

17
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Caratheodory theorem. A vector x of length N = 2M + 1

is a positive combinaison (ck > 0) of K 6 M + 1

atoms a(fk) if and only if T(x) < 0 .
Also this decomposition is unique if K 6 M.

ŵ]
m = ŵ][m, :] =

KX

k=1

cka(fm,k,�m,k)
T

cke
j�m,k 2 C

kŵ]
mkA = inf

(
X

k

c0k : ŵ]
m =

X

k

c0ka(f
0
k,�

0
k)

)
6

KX

k=1

ck

Atomic norm of the columns

17
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Atomic norm via a semidefinite program

kŵ]
mkA = min

qm2CHS

⇢
qm[0] :


T(qm) ŵ]

m

(ŵ]
m)⇤ qm[0]

�
< 0

�
.

Proposition. The atomic norm kŵ]
mkA can be characterized

by the following semidefinite program:

[Bhaskar et al.,2013]improvement of
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S

ŵ
r
[m

,:
]

ŵ
r
[0
,:
]

qr[0 : M, 0]

ŵr

qr

�M M

n2

H 0 � 1

0

0

n2

H 0 � 1

0

qr[m, :]

ŵ
r
[m

,:
]

ŵr[m, :]⇤

qr[m, 0]

Toep(qr[m, :])

L1(ŵr[m, :], qr[m, :])

0

BBB@

ŵr[0, n2] ŵr[1, n2] · · · ŵr[M,n2]
wr[1, n2]⇤ ŵr[0, n2] · · · ŵr[M � 1, n2]

...
...

. . .
...

ŵr[M,n2]⇤ ŵr[M � 1, n2]⇤ · · · ŵr[0, n2]

1

CCCA

L2(ŵr[0 : M,n2]) = Toep(ŵr[0 : M,n2])

Constraints

< 0

< 0

ŵr[0 : M,n2]

real cte 6 c

real 6 c

q r
[m

,:
]
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Minimization problem

ŵ]
r 2 argmin

ŵr,qr

1

2
kAŵr � ŷrk2

8
>>>><

>>>>:

8n2 = 0, ..., HS � 1, 8m = 0, ...,M,
ŵr[0, n2] = ŵr[0, 0] 6 c,
qr[m, 0] 6 c,
L1(ŵr[m, :], qr[m, :]) < 0,
L2(ŵr[:, n2]) < 0

Subject to
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Minimization problem

ŵ]
r 2 argmin

ŵr,qr

1

2
kAŵr � ŷrk2

8
>>>><

>>>>:

8n2 = 0, ..., HS � 1, 8m = 0, ...,M,
ŵr[0, n2] = ŵr[0, 0] 6 c,
qr[m, 0] 6 c,
L1(ŵr[m, :], qr[m, :]) < 0,
L2(ŵr[:, n2]) < 0

Subject to

G(X)X = (ŵr, qr) 2 H

Lm
1 : (ŵr, qr) 7! L1(ŵr[m, :], qr[m, :])

Ln2
2 : (ŵr, qr) 7! L2(ŵr[:, n2])

B
boundary 
constraints

C
cone of positive 
matrices

20
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Minimization problem

X] = argmin
X=(ŵr,qr)2H

(
1

2
kAŵr � ŷrk2W + ◆B(X) +

MX

m=0

◆C(Lm
1 (X)) +

HS�1X

n2=0

◆C(Ln2
2 (X))

)

X? = argmin
X2H

{G(X) +H(L(X))}

G =
1

2
kA ·�ŷrk2W

Hx =
NX

i=0

Hixi

Hi = ◆CLi 2 {Lm
1 , Ln2

2 } i < N

HN = ◆BLN = Id
Lx = (L1, . . . , LN )

i = N

Chambole-Pock

N = M +HS + 1

20
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Primal-dual algorithm
⌧� kLk2 = 1

8n 2 N, ⇢n 2]0, 2[X

n2N
⇢n(2� ⇢n) = +1

xn+1 = ⇢nx̃n+1 + (1� ⇢n)xn

z̃i,n+1 = prox�H⇤
i
(zi,n + �Li(2x̃n+1 � xn))

8i = 0, ..., N

x̃n+1 = prox⌧G

 
xn � ⌧

NX

i=0

L

⇤
i zi,n

!

zi,n+1 = ⇢nz̃i,n+1 + (1� ⇢n)zi,n

(x?
, z

?
0 , ..., z

?
N )converge toward a solution of the problem.

{Conditions

{Primal 
variables

{Dual 
variables

Proximal operator

[Condat ,2013]
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−8 −6 −4 −2 0 2 4 6 8
−4

−3

−2

−1

0

1

2

3

4

x(t) = 3 · exp(i2⇡ 1
4

t) + 1 · exp(i2⇡ 1
3

t)

z}|{x1(t) z}|{x2(t)

{xm}Mm=�M = x(�M : M)

M = 2

−8 −6 −4 −2 0 2 4 6 8

−3

−2

−1

0

1

2

3

4

−8 −6 −4 −2 0 2 4 6 8

−3

−2

−1

0

1

2

3

4

x1(t)

x2(t)

?

Spectral estimation
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xm =
KX

k=1

⇢k

�
e

�j!k
�m ⇢k 2 C

!k 2 [�⇡,⇡]

8m = �M, . . . ,M

Given recover

samples parameters

Annihilating filter:

|{z}
zk

KX

j=0

hjxm�j =
KX

j=0

hj

 
KX

k=1

⇢kz
m�j
k

!
=

KX

k=1

⇢kz
m
k

0

@
KX

j=0

hjz
�j
k

1

A = 0

H(zk) = 0

H(z) =
KY

k=1

(z � zk) =
KX

k=0

hkz
k

|{z}

Prony method



Polisano et al. - Convex Super-Resolution Detection of Lines in Images / 3123

KX

j=0

hjxm�j = 0, 8m = �M +K, . . . ,M

0

B@
x�M+K · · · x�M

...
. . .

...
xM · · · xM�K

1

CA

0

B@
h0
...

hK

1

CA =

0

B@
0
...
0

1

CA

()

TK h

x ⇤ h = 0 () TKh = 0

Prony method
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ŵ]

ck =

↵k

cos ✓k

m

ŵ]
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Conclusion and future work

Conclusion
Model of lines super-resolution based on the atomic norm.
Solve the optimization problem by primal-dual algorithm.
Estimate the line parameters by Prony method.

Future work
Extend the model to every angle range.
Application to inpainting problems.
Use local patch to deal with curves super-resolution.



Polisano et al. - Convex Super-Resolution Detection of Lines in Images / 3130

Bibliography

Selected papers

B. N. Bhaskar, G. Tang, and B. Recht, ”Atomic norm denoising with 

applications to line spectral estimation”, IEEE TIP, 2013. 

E. J. Candès, and C. Fernandez-Granda, ”Toward a mathematical theory of 

super-resolution”, Communications on Pure and Applied Mathematics, 2014. 

G. Tang, B. N Bhaskar, P. Shah, and B. Recht, “Compressed sensing off 

the grid”, Information Theory, IEEE Transactions on, 2013. 

L. Condat, “A primal-dual splitting method for convex optimization 

involving lipschitzian, proximal and linear composite terms”, 

Journal of Optimization Theory and Applications, 2013. 



Polisano et al. - Convex Super-Resolution Detection of Lines in Images / 3131

Questions ?

Thank you for your attention.


